AFRL-SN-RS-TR-2004-43
Final Technical Report
February 2004

COHERENT PROCESSING ACROSS MULTIPLE
STAGGERED PULSE REPETITION INTERVAL
(PRI) DWELLS IN RADAR

Syracuse University

APPROVED FOR PUBLIC RELEASE; DISTRIBUTION UNLIMITED.

AIR FORCE RESEARCH LABORATORY
SENSORS DIRECTORATE
ROME RESEARCH SITE
ROME, NEW YORK



STINFO FINAL REPORT
This report has been reviewed by the Air Force Research Laboratory, Information
Directorate, Public Affairs Office (IFOIPA) and is releasable to the National Technical

Information Service (NTIS). At NTIS it will be releasable to the general public,
including foreign nations.

AFRL-SN-RS-TR-2004-43 has been reviewed and is approved for publication.

APPROVED: Is/

DAVID B. BUNKER
Project Engineer

FOR THE DIRECTOR: /sl

RICHARD G. SHAUGHNESSY, Lt. Col., USAF
Chief, Rome Operations Office
Sensors Directorate



REPORT DOCUMENTATION PAGE

Form Approved
OMB No. 074-0188

Public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and
maintaining the data needed, and completing and reviewing this collection of information. Send comments regarding this burden estimate or any other aspect of this collection of information, including
suggestions for reducing this burden to Washington Headquarters Services, Directorate for Information Operations and Reports, 1215 Jefferson Davis Highway, Suite 1204, Arlington, VA 22202-4302,

and to the Office of Management and Budget, Paperwork Reduction Project (0704-0188), Washington, DC 20503

1. AGENCY USE ONLY (Leave blank) | 2. REPORT DATE
FEBRUARY 2004

3. REPORT TYPE AND DATES COVERED

Final Jan 97 — Jun 01

4. TITLE AND SUBTITLE
COHERENT PROCESSING ACROSS MULTIPLE STAGGERED PULSE
REPETITION INTERVAL (PRI) DWELLS IN RADAR

6. AUTHOR(S)
Tapan K. Sarkar and Jinhwan Koh

5. FUNDING NUMBERS
C -F30602-97-C-0041

PE - 62204F
PR -4506
TA - 11
WU - PE

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES)
Syracuse University

Office of Sponsored Programs

113 Bowne Hall

Syracuse New York 13244-1200

8. PERFORMING ORGANIZATION
REPORT NUMBER

N/A

9. SPONSORING / MONITORING AGENCY NAME(S) AND ADDRESS(ES)
Air Force Research Laboratory/SNRT

26 Electronic Parkway

Rome New York 13441-4514

10. SPONSORING / MONITORING
AGENCY REPORT NUMBER

AFRL-SN-RS-TR-2004-43

11. SUPPLEMENTARY NOTES

AFRL Project Engineer: David B. Bunker/SNRT/(315) 330-2345/ David.Bunker@rl.af.mil

12a. DISTRIBUTION / AVAILABILITY STATEMENT
APPROVED FOR PUBLIC RELEASE; DISTRIBUTION UNLIMITED.

12b. DISTRIBUTION CODE

13. ABSTRACT (Maximum 200 Words)

This report addresses the development of a methodology for dealing with staggered PRI coherent dwells in radar
through the application of multirate signal analysis. The performance of multiple PRF systems is discussed along with
the discussion of a number of techniques to obtain a spectrum from nonuniformly sampled data. The methods
described include: Interpolating in spatial domain by polynomials; Chinese remainder theorem and the clustering
algorithm; Least squares method; Multi-resolution analysis; Iterative method; Orthogonal Polynomial Expansions; and
Estimation from the Analog Frequency. The report closes out with a comparison of various methods and a Conclusions

section.

14. SUBJECT TERMS

15. NUMBER OF PAGES

Space-Time Adaptive Processing, STAP, Staggered PRI Coherent Dwells in Radar, Interpolating in 90

Spatial Domain by Polynomials, Chinese Remainder Theorem, Clustering Algorithm, Least Squares
Method, Multi-Resolution Analysis, Iterative Method, Orthogonal Polynomial Expansions, Estimation

from the Analog Frequency

16. PRICE CODE

17. SECURITY CLASSIFICATION
OF REPORT

UNCLASSIFIED

18. SECURITY CLASSIFICATION
OF THIS PAGE

UNCLASSIFIED

19. SECURITY CLASSIFICATION
OF ABSTRACT

UNCLASSIFIED

20. LIMITATION OF ABSTRACT

UL

NSN 7540-01-280-5500

Standard Form 298 (Rev. 2-89)
Prescribed by ANSI Std. Z39-18
298-102




TABLE OF CONTENTS

CHAPTER 1:  INTRODUCTION ..ottt sttt ettt sttt bttt sbe sttt sa st snene e 1
CHAPTER 2: DESCRIPTION OF MULTIPLE PRFS SYSTEM.....ccccoiiiiiiiiieeneee e 6
CHAPTER 3: DESCRIPTION OF THE VARIOUS METHODS.........ccooviiiirisenieee e 12
3.1 INTERPOLATING IN SPATIAL DOMAIN BY POLYNOMIALS........ccoeovvirirniieiseseeaies 12
3.1.1 Lagrange Interpolation POIYNOMIALS .........cccoivriiiiiiii s 12
TN @ T8 [o] ) V301V =11 oo S 13

3.2 CHINESE REMAINDER THEOREM AND THE CLUSTERING ALGORITHM.................... 17
3.3 LEAST SQUARES METHOD .....ccoiiiiiiiiiiisieeesie sttt nnn 25
3.3.1 Formulation of the Least Squares Method............cccocviiiiiiniiiecee e 25
3.3.2 Hilbert Transform RelationShip ........cocooiiiii e e 29
3.3.3 Estimation of the ampPlitUTe ..........cooiiiiie e e 31
3.3i4 SUIMIMANY ..ottt ettt etk b e bt e bttt he e ehe e e bt e bt e s bt e h b e eE b e e b e e nbe e nbeebeeaneeaeeebeebeanbean 34

3.4 MULTI-RESOLUTION ANALYSIS... ..ottt 34
3.4.1 Two PRFs Case (20KHZ and 30KHZ)..........cccoieiiiiieieceeece et 34
3.4.2 MURIPIE PRI CASE ..c.viieiicie ettt sttt et st aa ettt e st st esbeeneena e e enee s 40
3.4.3 Optimum Value of M and N in Radar Application...........cccocvvivviviiiieciee e 42

3.5 EratiVe IMBLNOM ...t bbbttt b e bbbt e e et 44
3.6 Orthogonal Polynomial EXPanSIONS. ..........ccuiiiiriiieieeeie et sbe st st sne s 48
3.6.1 Approximation of unevenly spaced data by the Associate Hermite Polynomials ...................... 48
3.6.2 Approximation by the Legendre POIYNOMIAl ...........cccooiiiiiiniiiicee e 51

3.7 Estimation in terms of the Analog FreqQUENCY........ccovoiiiiieieiice e 54
3.8 Comparison of the Various Methods ... 59
3.8.1  Case 1: Ty > gy oo 60
382 Case2: Ty = 2 s 64
3.8.3 Case 31 T K Tnax e 67
3.8.4 Comparison between the Least Squares Method and the FFT ... 69
3.8.5 OPEIatioN COUNT ....cuiiiiiieiieieite ettt bbb b e e e e e b sb e b e beeb e e e e neeseesbenbe e 69
CHAPTER 4. CONCLUSIONS ....cttitteteeiteestee et st sseesseesseessesssesseesbeesseasseasesasesaseeabe e st anseassesseesreesbeenreennesnnesnes 70
23T o] 10T 1] 1) Y75 OSSR 72
Appendix A: The Sampling theorem for a randomly sampled data..........c..ccccceveveviniiiie e, 75
Appendix B: Matrix Pencil Method (MPIM) .........cooiiiiiiiiceiecec e 76
P AN o] o1 aTo LD O o oo} i) Tt ) IS 79
Appendix D: Proof of Uniqueness of the SOIULION ..o 80
APPeNdiX E: Proof O (3-5-12) ..ottt et ene 80



LIST OF FIGURES

Figure 1.1 Drawback of using the CR theorem (when the target contact folds over into the clutter region).
(a) is the actual contact case, (b) folding over has occurred due to PRF1 in which case the measurement
is not in the clutter region and (c) folding over has occurred due to PRF2 where the measurement is in
TNE CIULEET TRGION. ...ttt bbb bbb bbbt b ettt 3

Figure 1.2 Sampled signal at multiple PRFs and their frequency domain response (DFT). Signal frequency
was 100 rad/sec and all the frequency domain results are aliased. Observe that (d, e, f) has a common

peak around 100 rad/sec which is the real freqUENCY. .......ooviiiiiiii e 4
Figure 1.3 Unevenly spaced signal and its SPECrUmM (DFT).....ccccviiiieieinriecicieeene et sne s 5
Figure 2.1. A baseband rectangular PUISE traiN...........cccociiiiiii it 7
Figure 2.2 (a) 3 dimensional plot of CAF for the single PRF case (b) Contour plot of CAF. ..........ccccceeeie 8
Figure 2.3 A multiple PRF (1kHz and 1.5kHz) baseband pulSe.........ccccveveieieiinine e 9
Figure 2.4 (a) 3 dimensional plot of CAF for a 2 PRF system and (b) Contour plot of CAF.........c.ccccevene.e. 10
Figure 3.1.1 Use of the Lagrange interpolation polynomial (magnitude only) to a time domain data. ......... 14
Figure 3.1.2 FFT of the time domain interpolated data of Figure 3.1.1 due to Lagrange interpolation

(MAGNTTUAE ONIY) . bbb bbbt bbbt b et 14
Figure 3.1.3 Time domain interpolation using the Cauchy’s method. (magnitude only). .........cccccoevvrinene. 17
Figure 3.1.4 FFT of the waveform interpolated by the Cauchy’s method as shown in Figure 3.1.3.

(MAGNITUAR ONIY). .ottt b bbbt e e e b e b sb e bt s beebe et e e e enee e e 17
Figure 3.2.1 Results for Doppler amMBIQUILY ..........ccoiiiiieiiiee e e 18
Figure 3.2.2 Multiple PRF resolves range ambigUILY. .....covcoiviiiiniiiiiisiseseses s 19
Figure 3.2.3 How Doppler ambiguity can be resolved by the clustering algorithm. ..........cccccocevvivniinennne, 23
Figure 3.2.4. The result of applying the clustering algorithm............ccccviriiniiii s 24
Figure 3.3.1 Comparison between the Lomb periodogram and the new modified scheme. ..........cc.ccoceeveene. 29
Figure 3.3.2 El(a)) and Hilbert transform of Ez(a)) for different value of wa . If war >>1 results

coincide with each Other @S SNOWN N (B). ....covevieriiie e e 31
Figure 3.3.3 Processing time is reduced by using the Hilbert transform relationship. .........ccccocvniiinnnn, 32
Figure 3.3.4 Result of Equation (3-3-19). Since the periodogram does not give accurate values of the

amplitudes, (3-3-19) CAN DB USE. ... .oiuiieieieeee ettt et bbbt e e 33
Figure 3.4.1 Data generated by sampling a signal using 2 PRFs (20kHz and 30KHZz). .........cccccooeiineninnnne. 35
Figure 3.4.2. Block diagram for the reconstruction of the band-limited signal when sampled by the 2 PRFs

(20KHZ QN0 B0KHZ). ...cviieiiciiiece ettt sttt bt et b e 35
Figure 3.4.3 Spectrum of a sampled signal and its shifted VErsions. ..........c.ccoceveviieiisie s 38

Figure 3.4.4 Filters to generate a perfect reconstruction of the signal for the system of Figure 3.4.2........... 39
Figure 3.4.5 Spectrum (magnitude) for the data of Figure 3.4.2 when using the QMF filters as shown in

T U T SRS 40
Figure 3.4.6 Time domain data for the example of Figure 3.4.2 when using the QMF filters as shown in

FHOUIE 3.4 et b b s bbbt bbb bbbt b 41
Figure 3.4.7 Sampled data generated by the three PRFS. ...t 42
Figure 3.4.8 Frequency domain response for the optimized case (M =16, N =15)......cccceciiiiiiiiennnnenn 44
Figure 3.4.9 Result for the example (magnitude) in the time domain (M=16 and N=15)..........ccccccevrrrnnnn 44
Figure 3.5.1 Result of the iterative Method ..o e 47
Figure 3.5.2 Reduction of error With iteration. ..........ccccceiiiiiieiiecieic e 48
Figure 3.6.1 A plot of the associate Hermite functions of different degrees. .........ccccoovvivieicvcievcse e, 49
Figure 3.6.2 Fitting of the data by the associate Hermite fUNCLIONS. .........ccccccvveieiini i 51

n

Figure 3.6.3 (a) Legendre functions of different degrees and (b) The plot of 2(— i) jn (— a)) for different

0 [=T TS 53
Figure 3.7.1 DFT of the uniformly spaced Signal. ...........ccccviviiiiieiiiere e 58
Figure 3.7.2 Spectrum of the nonuniformly sampled signal after processing..........ccocvevveveerereresiesesnnnnan 58
Figure 3.7.3 DFT of the nonuniformly Spaced data. ..........cccoreiriiiiniiiice e 59
Figure 3.8.1 Sample signal for EXAMPIE L.........coiiiiiiiiiiiieer et 61



Figure 3.8.2 Sample signal for EXAMPIE 3......c..coiiiiiiiiiir s 63

Figure 3.8.3 Model for a ground clutter (evenly sampled data)...........cccveriiriiiiniiiiiicsees 66

Figure 3.8.4 Comparison of the results between the Least squares method and the method based on the CR
theorem and FFT. A false alarm occurs when the sidelobe level is greater than the mainlobe. As SNR
decreases the Least squares method outperforms the FFT method by about 2.5 dB. ........ccccccoiiiiiene 70



LIST OF TABLES

Table 3.8.1 Summary of the results for Example 1. 1‘s =4 fmaX with single frequency.........cccocevvverennne 61
Table 3.8.2 Result of Example 2. fs =4 fmax with a single frequency and additive AWGN .................... 62
Table 3.8.3 Summary of the results for Example 3. f, =4f__ with 5 signal components............c........ 63

Table 3.8.4 Summary of results for Example 4. f, =4f__ with 5 signal components and AWGN ........ 64
Table 3.8.5 Summary of the results for Example 5. fS =2 fmax with a single frequency .......ccccccccevvneene. 64
Table 3.8.6 Summary of the results for Example 6. fS =2 fmax with a single frequency and AWGN......... 65
Table 3.8.7 Summary of results for Example 7. f, =2f__ with five signal frequencies............cccconeee, 65
Table 3.8.8 Summary of results for Example 8. f, =2f__ with 5 signal frequencies and AWGN ......... 66

Table 3.8.9 Summary of the results for Example 9. 1‘s =2 fmaX with 5 signal frequencies along with

AWGN and ground CIULLEL. .......c.ooiiiiiiieie et s re e e et s re st e besaesraeneeneenrens 66
1
Table 3.8.10 Summary of results for Example 10. fS = § fmax with a single frequency.......ccccceeevieiienens 67
1 . :
Table 3.8.11 Summary of the results for Example 11. fs = § fmax with a single frequency and AWGN. 67
1 . . .
Table 3.8.12 Summary of the results for Example 12. f, = 5 fax With 5 signal frequencies. ................. 68
1 _ .
Table 3.8.13 Summary of the results for Example 13. f, = 3 f o With signal frequencies and AWGN. 68
1 . . . .
Table 3.8.14 Summary of the results for Example 14. f, = 3 fax With 5 signal frequencies with added
AWGN and ground ClUtter @ddd. .........ccviieieeeiee s 69
Table 3.8.15 Operation count of €aCh MEthOU. .........cveriiiiii s 70
TABLE 4.1 SUMMARY OF THE CHARACTERISTIC OF EACH METHOD ...c.vtviiiieiiienie sttt e sne e 72



CHAPTER1: INTRODUCTION

RADAR (Radio Detection And Ranging) is an electronic device for measuring the
position and velocity of a moving object, and from these parameters deduces certain
characteristics of that object. A RADAR operates by transmitting an electromagnetic wave
and sensing the reflected energy in space. The distance or range to the object from the
transmitter is determined by measuring the time taken by the pulse to travel to the object
and back. Since the electromagnetic wave travels at the speed of light, the range is given

by

Range = CTM , (1-1)

where the speed of light ¢ =3-10° m/sec and At is the round trip travel time of the wave
transmitted and reflected back to the source. In most cases, the transmitted wave is
periodic and the time elapsed can be measured from the origin to the temporal location of
the peak of the reflected signal. If a transmitted pulse is received after the second
transmission, the measured propagation time will not be the correct one since the
reference-transmitted pulse is not the right one. This situation occurs also in dwelling
range ambiguities. The maximum range without ambiguity would depend on how
frequently the transmission occurs. If the pulse repetition frequency (PRF) of the
transmitted signal is low and the time interval between the two transmissions is long, the
maximum range that can be measured could be large. However, if the pulse repetition
frequency (PRF) of the transmitted signal is high, the maximum unambiguous range that
can be measured will be small. Therefore, the maximum range Iy, Without any

ambiguity is given by

C
'max = of (1-2)
r

where f. = frequency of the transmitted signal. If the target is located beyond this

maximum range, the system will predict that the target is closer than the actual position
due to folding over of the signal.

The velocity of the target can be determined from the change in the carrier frequency
between the transmitted and received signals (Doppler shift). The maximum measurable
velocity without any ambiguity also depends on the PRF of the transmitted pulse. If the
Doppler frequency of the target is beyond the transmitted PRF, aliasing may occur and the
real velocity of the target cannot be obtained. This is called the Doppler ambiguity. Here,
the term “Doppler frequency” is used to predict the velocity of the target from the
frequency change of the transmitted pulse. Obviously, use of a high frequency of the
transmitted signal could work for faster targets. The maximum Doppler frequency without
any ambiguity has the same meaning as an alias free sampling used in the Nyquist
theorem. That is



B e dg
Vmax = fmax/1 0— 2 1 (1‘3)

where Vpax = the maximum velocity of the target,
fmax = the maximum Doppler frequency,
Ao = the wavelength corresponding to the carrier frequency of the radar.

In other words, a radar operating with a low PRF has a large unambiguous range but is
ambiguous in Doppler and in the high PRF mode there is ambiguity in range but not in
Doppler. Therefore the trade-off between Doppler ambiguity and range ambiguity is
given by

i i c frﬂ,o cA 0
(Maximum range)(Maximum Doppler frequency) = T > =7 (1-4)
r

In real situations, for airborne radars, we do not have much clutter in the measurement
of Doppler since there are few objects moving with the same velocity as the target.
However, more clutter would be found in the measurement of range and that uses low
PRF rather than high or medium PRF radars. To improve the maximum resolvable
Doppler frequency (or range), many techniques have been proposed. They are listed as
follows.

e Linear carrier FM system [1,2]

e Sinusoidal carrier FM system [1,2]

e Use of a Barker coding system [2]

e Multiple PRF or Staggered PRF systems [1,2]

The best choice depends on the specific application and on the choice of the constraints.
Generally speaking, a multiple PRF system performs better than other systems [1]. Using
several fixed PRFs enables one to discriminate the fold-overs in a single PRF system by
comparing the responses obtained for the different PRFs. Thus one can eliminate either
Doppler or range ambiguities. The details of a multiple PRF or staggered PRF system are
described in the later sections.

There are some prior methods for resolving Doppler and range ambiguities in a
multiple PRF systems. Ludloff and Minker [3] presented a curve of reliability of the
velocity measurement from simulations. Vrana [4] dealt with the problem in a statistical
manner. The two steps used to get the optimum estimation in Vrana’s method depends on
making a proper decision about resolving the ambiguity of the estimate and smoothing of
the data.

In many papers, the Chinese remainder (CR) theorem, which will be explained later in
the report, has been a commonly used algorithm to resolve Doppler and range ambiguities
[1,2]. In spite of its wide usage, the CR theorem has some significant defects when
applied to the multiple PRFs systems. First, it can be useful when there is a single target
only. If there are several targets or interferences, which have the same received power at
one look angle, the results of the CR theorem would be ambiguous since there will be too
many folded Doppler frequencies to be resolved.



Moreover, as illustrated in Figure 1.1, if the measured frequency fold-over occurs in
the region of the main lobe clutter, which is due to the motion of the aircraft itself with
respect to the ground, the resolution of the target is not clear. Figure 1.1(a) shows a target
contact and the clutter due to the ground. The various parts of the spectrum would be
folded due to the PRFs used and would be measured as in Figures 1.1(b) and (c). If the
image falls into the clutter region, as shown in Figure 1-1(c), the detection cannot be
easily performed. Other problems with this approach are that a small range error on a
single PRF can cause a large error in the resolved range and there is no indication that this
has occurred.
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mainlobe clutter
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target contact

L/ N A
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Figure 1.1 Drawback of using the CR theorem (when the target contact folds over into the
clutter region). (a) is the actual contact case, (b) folding over has occurred due to PRF1 in
which case the measurement is not in the clutter region and (c) folding over has occurred
due to PRF2 where the measurement is in the clutter region.



To overcome this problem due to the use of the CR theorem, a clustering algorithm has
been proposed by Trunk and Rockett [5]. They used a variance for each PRF data to test
if it is the real Doppler or range. This method will be explained in detail in section 3.2.
Even with the clustering algorithm, the fundamental drawback of the CR theorem based
approach cannot be resolved since the solution is obtained through numerical techniques.
However, none of the methods deals with the problem of obtaining a single estimate from
the plethora of unevenly spaced data obtained for a multiple PRF RADAR system. As
illustrated in Figure 1.2, the previous researches separate the solution space for each PRF
and consider it as a combination of single PRF systems. In the frequency domain, Figure
1.2(d, e, f) has a common peak at around 100rad/sec. Instead of dealing with one PRF at a
time, one can think of assembling the data from all the PRFs simultaneously in the time
domain as shown in Figure 1.3(a). The problem of Figure 1.3(a) is then reduced to finding
the spectrum of an unevenly spaced sampled signal. If we can find the spectrum of a
nonuniformly sampled signal, we would not have the problem of having to solve for the
congruence and deal with the various disadvantages due to the CR theorem. Moreover,
the system could deal with multiple targets and it could also resolve the blind speed and
the blind range problems with the removal of ambiguities.

(a) Signal sampled by PRF 1 (d) Frequency response of (a)
4
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Figure 1.2 Sampled signal at multiple PRFs and their frequency domain response (DFT). Signal frequency
was 100 rad/sec and all the frequency domain results are aliased. Observe that (d, e, f) has a common peak
around 100 rad/sec which is the real frequency.



(a) Signal sampled by PRF 1, 2 and 3 simultaneously (b) Frequency response of (a)
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Figure 1.3 Unevenly spaced signal and its spectrum (DFT).

In this research, we want to obtain a frequency domain response from a nonuniformly
sampled sequence. Seven methods for unevenly spaced data analysis have been studied in
this report and summarized. They have also been used to simulate results for a multiple
PRF case. The seven algorithms consist of
Polynomial interpolation (Lagrange and Cauchy type)

Chinese remainder theorem and clustering algorithm

Least squares curve fitting of a complex sequence

Multi-resolution (Quadrature mirror filter) analysis

Iterative method

Orthogonal expansion by a set of polynomials (Legendre polynomials and
Hermite polynomials)

e Estimation of an analog frequency

Some of these methods generate an evenly spaced sequence from the unevenly spaced
data. Hence, for those methods, the FFT is then utilized to estimate the frequency
components from the evenly spaced sequences. The matrix pencil method [7, 8] can also
be used to efficiently extract the parameters with a higher resolution of the frequency
domain sequence obtained from the FFT. The Matrix Pencil Method has been discussed
in Appendix B. In Chapter 3, all the above approaches have been described. Computer
simulated examples have been presented for all of them. The results have been compared
to investigate which approach is applicable to the radar application. A summary of the
methods is given in Chapter 4, which is also the conclusion.

Additional benefit of using a direct analysis of unevenly spaced data is that it can
reduce the distortion in the spectrum of a signal affected by noise due to the correlation
associated with each of the frequency component [11]. It is generally known that if the
sampling is completely random, and is a Poisson process [9], then the spectrum of that
sequence is alias free. A proof of this statement is given in the references [12, 13] and a
sketch of it is given in Appendix A.



CHAPTER 2: DESCRIPTION OF MULTIPLE PRFS SYSTEM
In this section, the performances of multiple PRF systems are investigated. It will be
seen that they have an enhanced performance when compared to that of a single PRF

system. First, consider an ambiguity function (AF) which is a tool often used for
characterizing ambiguities. We assumed a transmitted radar signal of the general form

9,(t)=a(t)cos [27F t +¥(t)], (2-1)

where a(t) is the envelope of the signal; F, is the carrier frequency and ¥(t) is the

phase. If this signal illuminates a target moving at a speed v, the transmitted signal
undergoes a frequency shift due to the Doppler effect and the mathematical expression for
the received echo becomes

o(t,a)=alta)cos [27F.ta +¥(t)), (2-2)

where « is a scale factor controlled by the Doppler effect and is given by
o=—, (2-3)

where ¢ = velocity of light. The Doppler frequency of the target is
F, =(1-a)F., (2-4)

If we pass g(t,a) through a signal conditioner, which converts the carrier frequency to the

intermediate frequency (IF) radar signal and then through a low pass filter, L, to get the
base band signal, one obtains

é(t, a) _ L[ezmp°tg(t, a)] _ a(a t) ezni[(ya)chp(a t) (2-5)

Assume that the phase function ¥(t) is zero and the envelope is a flat topped pulse, so

that ale t)=1 and for |t|§Tp » Where T, is width of the pulse in a period, (2-5) will
become

n

g(t,a) _ eZzzi(l—a)Fct ; |t _ kT| STp 5 (2-6)

where T is the period of the base-band pulse and k is an integer.
The complex ambiguity function (CAF) of g(t) is defined through
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A(t,a)zj' gu-t1) g(u,e) du. (2-7)

—00

If ¢=1in g(u- t,l) this implies that there is no Doppler shift and the waveform is shifted

by t along the u axis. Next, this is multiplied by the original signal and integrated with
respect to u. This results in the familiar form of an auto-correlation function for each
Doppler frequency. If there is no Doppler shift, then the CAF becomes merely an auto-
correlation function and can be used to measure the unambiguous range. Actually, the
main lobe of the CAF measures the range ambiguity of a signal when there is no Doppler
shift. When t = 0 this implies that there are no range shifts and the unambiguous Doppler
can be determined from the main lobe of the CAF. Therefore the CAF measures the
maximum of the Doppler shift and range which can be resolved by a given signal model.
The phrase “unambiguous function” is more suitable instead of the ambiguity function
since a large value of CAF implies a larger domain for the Doppler and the range
estimation without ambiguity.
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Figure 2.1. A baseband rectangular pulse train.

Figure 2.1 is a baseband time domain signal due to a rectangular pulse train a(t). The
width of the pulse T, is 0.2msec and the period T is 0.5msec (2kHz). The transmitted

signal is modulated by cos (27cht). The numerical integration of (2-7) using (2-4) and
(2-6) is shown in the Figure 2.2(a). As a result,

TV
KT + A

j e Fady |. (2-8)
T

/A\(t,a)= Z
Ty

~



Figure 2.2(b) provides the corresponding contour plot. The width of the main lobe is
determined by the duration of the baseband pulse.
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Figure 2.2 (a) 3 dimensional plot of CAF for the single PRF case (b) Contour plot of
CAF.

For a multiple PRF’s CAF, only the envelope term will change and the summation in
(2-8) shall be computed for different T s. Figure 2.3 is the baseband envelope for a two

PRFs system where 1kHz and 1.5kHz have been chosen as the two PRFs which have the



same number of pulses in time as in Figure 2.1 for comparison with a single PRF case. (2-
7) will become

f\(t, )= Zk:[i[tfezf"ﬁ“du}]. (2-9)

0.8

0.6

0.4F

0.2

-0.2

0 0.5 1 1.5 2 2.5 3
t x 10°

Figure 2.3 A multiple PRF (1kHz and 1.5kHz) baseband pulse.

Note that the pulse exists for t, <t <t,, and | goes up to 4 since it is repeated after every

4 pulses. Figures 2.4(a) and (b) are the corresponding plots of the contour. By comparing
Figure 2.2 with Figure 2.4, it is seen that a 2 PRF system performs better than the single
PRF system since it has a larger unambiguous region and the width of the main lobe is
wider than that of the single PRF case. One can observe from Figure 2.1 and 2.4 that the
maximum unambiguous range for the 2 PRFs case has increased to 2.0msec which is 4
times that of the single PRF case of 0.5msec. Therefore a multiple PRF system would
have wider unambiguous regions.

The maximum resolvable frequency and range in a multiple PRF system is determined
from the set of PRFs. Consider the 3 PRFs (PRF,, PRF, and PRF,) which sample the

radar signal and compare its performance to the single PRF (PRF,) system. First assume

that the 3 PRFs are relatively prime numbers with respect to each other. The maximum
unambiguous Doppler increases with the product of the PRFs since the frequency
spectrum from each PRF will coalesce at a frequency multiple of those PRFs. That is,



PRF, - PRF, - PRF,
ID = :
PRF,
where ID is the maximum Doppler increment.

(2-10)
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Figure 2.4 (a) 3 dimensional plot of CAF for a 2 PRF system and (b) Contour plot of CAF
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As an example, the maximum resolvable Doppler frequency of a 4Hz PRF system is
% Hz from (1-3) and the maximum resolvable Doppler frequency of a 3 PRF system
consisting of 3, 4 and 5Hz is 3‘4'52 Hz. If the PRFs are not relatively prime numbers,

the maximum discernable Doppler would be the Least common multiplier (I.c.m) of those
PRFs. That is, it will be increased by the factor ID, where

_ lLem(PRF,,PRF,,...,PRF, )
PRF,

ID

(2-11)

Hence, the performance would be ID times better compared to that of a single PRF
system, which is PRF, . Typically the performance is enhanced by the maximum Doppler

increment.
The maximum resolvable range is also increased. In terms of PRF, i.e., the range is

proportional to %’RF and the range increment is proportional to the PRF. When the
PRFs are relatively prime, the period of the repeating pulse will be the l.c.m of :
PRF,

%RFZ and }I/DRFS which is unity. The performance is enhanced by

1
Horr,

where IR is the maximum range increment.

It is important to note that it does not matter how many PRFs exist but the
enhancement in range resolution given by (2-12) occurs when the PRFs are relatively
prime because

Lom Yore« Yorr, Yorr, )=1om( Yone, Yore, )L (2-13)

As an example, consider the maximum resolvable range of the 4Hz system which in
meters is %2‘4), obtained from (1-2) and the maximum resolvable range of the 3, 4 and

IR = = PRF,, (2-12)

5Hz PRF system are % meters. If the PRFs are not relatively prime numbers, then

PRF,
R= , (2-14)
g.c.d(PRF,, PRF,, PRF, )

where g.c.d = greatest common divisor. Then the maximum resolvable range is the
maximum range increment times that of a single PRF system of value PRF,. The product

of (2-11) and (2-14) results in a performance enhancement of

11



S— lL.cm (PRF,, PRF,, PRF;)
~ gcd (PRF,PRF,, PRF,)

(2-15)

times that from a single PRF radar system.

CHAPTER 3: DESCRIPTION OF THE VARIOUS METHODS

In this chapter, various methods to obtain the spectrum from a set of nonuniformly
sampled data are described. The first class of methods presented process the nonuniformly
spaced data through a spatial (or time) domain interpolation to a uniformly sampled case
and then uses the conventional FFT or DFT to get the frequency response. The second
class of methods directly obtains the spectrum from a set of nonuniformly sampled data.
The basic polynomial interpolation and the iterative methods fall in the first category, and
the rest of the methods described in this chapter belong to the second group. Usually, the
approach using spatial domain interpolation requires much more densely spaced data
samples which have a greater sampling rate than that of the Nyquist sampling rate to
provide meaningful results for the spectrum.

Note that the Nyquist sampling rate for a nonuniformly sampled data can be defined as
the average sampling rate of the sequence and it can be shown that if the average sampling
rate exceeds twice the maximum frequency of the actual signal, then the signal can be
perfectly recovered [12, 13]. This is an extension of the actual Nyquist sampling theorem
corresponding to the nonuniformly sampled data case.

3.1 INTERPOLATING IN SPATIAL DOMAIN BY POLYNOMIALS

3.1.1 Lagrange Interpolation Polynomials

There are some obvious ways to generate uniformly spaced data from a nonuniformly
sampled sequence. Interpolation using polynomials is one way to do it. One of the
simplest and direct interpolation schemes involves the use of the Lagrange interpolation
polynomial which fits a set of N data points by an (N-1)th degree polynomial where N is
the given number of data samples. The interpolation may become smooth when there are
enough data points in one period of the signal. The results of which would be quite
acceptable if the spacing is not very random (small deviation form uniform spacing).
However, this approximation merely provides a base line of the interpolation and does not
exploit any property from the frequency domain like the signal is periodic in nature.
Previous research has indicated that if the reconstruction of the signal from random
samples is performed through the use of interpolation by polynomials, the errors in the
reconstruction are acceptable only if the sampled frequency of the signal components is at
least four times than that of the Nyquist sampling rate [14, 15]. Once we get the uniformly
spaced data, the Fast Fourier Transformation (FFT) or the Matrix pencil method can be
used to estimate the frequency domain parameters.

The Lagrange interpolation formula between the sample points evaluates the function
through the following interpolation

12



(X_Xz) (X_Xs)"'(X_XN)

P(x) = f(x,)+
(Xl_XZ) (X1_X3)"'(X1_XN) ' (3_1_1)
(X_Xl) (X_Xa)"'(X_XN) (X_Xl) (X_Xz)"'(X_XN—l) ,
F(x,)+ooe+ f(xy)
(Xz _Xl) (Xz —X3)---(X2 _XN) (XN _Xl) (XN _Xz)"‘(XN _XN—l)
where x, is the location of the nonuniformly spaced sampled points k = 1, ..., N, and.

f(xk) Is the value of the signal at x, . This amounts to fitting a (N-1)-th degree polynomial

through the N data points. One practical problem associated with this technique is that when
the number of data points becomes large, Equation (3-1-1) has to deal with very large
numbers because there are coefficients with N-th power of the time argument. This can cause
numerically unstable results. To prevent the order of the polynomials from being a very large
number, a time domain scaling can be performed. The value of the function is scaled between
-1 to 1, while also checking for N so that it does not become a large number. More
consideration should be given to the edges of the data sequence since at those regions the
polynomial may not accurately fit the data.
As an example consider the following signal

f (Xk ) — e2-2ﬂxki + 2e73.5-2ﬂxki _ 2.5e4-2ﬂxki (3_1_2)

and x is a randomly generated number between -1 to 1. 41 samples have been chosen to make
the average sampling time to be 0.05 (average sampling frequency = 20Hz). Note that the
maximum frequency of the signal is 4Hz. It is one-fifth that of the Nyquist sampling rate since
the signal is complex and in which case the minimum sampling rate for the perfect recovery
of the signal is equal to the maximum frequency of the signal so as to completely eliminate
the ambiguities in the results.

Note that the spectrum of e exists only along the positive axis if o >0, while the
spectrum of sin(w t) exists for both positive and negative frequencies. The various time

domain signals are shown in Figure 3.1.1 along with the original signal. The corresponding
spectrum is given in Figure 3.1.2 along with the results for the uniformly sampled data using
FFT. Decreasing the sampling rate or increasing the signal frequency causes the interpolation
to become inaccurate. There is no guarantee of convergence of this process to the original
signal unless infinite samples in one period are taken. Generally, these interpolations perform
poorly in the computation of the spectrum for a nonuniformly spaced signal as compared to
other methods described in this report. However, this method offers a base line comparison in
the analysis of nonuniformly spaced data when the sampling rate is much less than the
Nyquist rate. In addition, it can also be easily implemented in hardware.

3.1.2 Cauchy’s Method

Cauchy’s method is a technique of finding a rational polynomial which will fit a given data
sequence. Previous researches have successfully interpolated data from an electromagnetic
system using this approach [16, 17]. A brief introduction and derivation of the Cauchy’s
method and an application to the nonuniformly sampled interpolation are presented in this
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section. The main objective of the Cauchy’s method is to find the coefficients and the orders
of the polynomials for the numerator and the denominator.

Assume that the signal can be approximated by the rational polynomial

p

) Zakxik

H(x )~ %) e : (3-1-3)

q

B(x;) > b x¢

i
k=0

9 T T T T T T T T T
sl _ Original Signal 4
. Sampled Signal
o Uniformly Interpolated Signal
7 - -
6 ]

Time
Figure 3.1.1 Use of the Lagrange interpolation polynomial (magnitude only) to a time domain data.
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Figure 3.1.2 FFT of the time domain interpolated data of Figure 3.1.1 due to Lagrange interpolation
(magnitude only)
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Then the Cauchy problem can be stated as: Given H(x,) for i=1,...,N, find p, q,
a, (k=0,...,p) and b, (k=0,...,0).
By enforcing the equality of both sides in (3-1-3), the result is obtained as

A(xi)=H(x;)-B(x;) (3-1-4)
or equivalently
—-+—H(x) byx! =0 fori=1,...N. (3-1-5)

ay +ayX +--+ax’ —H(x) by —H(x) byx,

A matrix form of this equation will then become

Amata = Bmatb (3_1'6)
1 % - X Hiq) HOx o HOX & by
Amat::} x:z x:g B = H(:xz) H(XZZ)XZ H(x:2)x£3 Ca- azz b b:2
1 xy XN H(xy) Hlxy)xy H (xn )xy ap by
or
a
[Amat |_Bmat b =0 (3'1'7)

The singular values of [A |-B,.] can be obtained by using the singular value
decomposition. The number of nonzero singular values of [A, |-B,..] will be the sum
of order of the denominator and the numerator. It provides some guidance in estimating
the values of p and g. If z is the number of nonzero singular values, then p and q should
satisfy the relationship

zZ=p+q+2 (3-1-8)

and p is chosen such that g=p+1. To obtain a and b, apply a QR decomposition to A_,, .
That is,
QRa-Bb=0 (3-1-9)

Since Q is an orthogonal matrix Q' =Q" and therefore

Ra—Q'Bb=0 (3-1-10)
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The rank of R is determined by the order of the numerator polynomial which is p+1, and
(3-1-10) becomes

al [r, r,|a
R-Q'B = = 3-1-11
R F I
0
r r
where R= { ﬂ -Q'B :[r”}. Therefore b can be obtained from the singular
22
value decomposition of r,,, i.e.,
r,b=UZV h=0 (3-1-12)

From the theory of total least square (TLS) [18], the solution to (3-1-12) is the last column
of the matrix V.

b=[V] (3-1-13)

p+1
Therefore

a=R™'Q"Bb (3-1-14)
The same signal presented in the previous section has been used as an example. That is,
f (Xk ) — e2-2;rxki + 26—3.5-2;zxki . 2.5e4-2;rxki

and x is a randomly generated number between -1 to 1. 41 samples of the data have been
chosen to achieve the average sampling time of 0.05 (average sampling frequency=20Hz).
The time domain result is shown in Figure 3.1.3 and has been compared to that of the
original signal. The corresponding spectrum of the signal is given in Figure 3.1.4 along
with the FFT of an evenly spaced sequence. The orders of the polynomials are chosen to
be q=31 and p=30.

16



81 _ Original Signal 1
. Sampled Signal
o Uniformly Interpolated Signal

Time

Figure 3.1.3 Time domain interpolation using the Cauchy’s method. (magnitude only).
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Figure 3.1.4 FFT of the waveform interpolated by the Cauchy’s method as shown in Figure 3.1.3.

(magnitude only).

3.2 CHINESE REMAINDER THEOREM AND THE CLUSTERING ALGORITHM

The Chinese remainder theorem and the clustering algorithm is a different approach as
compared to the other methods described in this chapter. In this case, one estimates the
target Doppler frequency from a set of frequencies computed from each PRF by taking the
conventional FFT of the evenly sampled data. Since we want the maximum Doppler
frequency of the signal, which exceeds the Nyquist sampling rate, aliasing may occur. If
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the desired frequency component is larger than the sampling frequency, then a fold over
along the sampling frequency will occur.

Therefore, the aliased frequency is the residue of the result of the division of the
original signal frequency by various integers. This is shown in Figure 3.2.1. Here, the
original frequency of the signal is 65kHz and it is aliased when sampled at a rate of 15kHz
and is measured at 5kHz. Figure 3.2.1(b) illustrates the results for the same problem when
the sampling frequency is 20kHz and the spectrum is still measured at 5kHz. Figure
3.2.1-(c) shows the case when the sampling frequency is 25kHz with the measured aliased
value at 15kHz. This problem can be solved using the following equations

65kHz = m, x 15kHz + 5kHz ,
65kHz = m, x 20kHz + 5kHz, (3-2-1)
65kHz = m, x 25kHz +15kHz .

One can easily see that m,=4, m,=3 and m,=2. If the information exists only for the

sampling frequencies and the measured aliased frequencies and the signal frequency is
unknown, the calculation for the minimum value of the signal frequency is done by
choosing the minimum multiple of the integers m,, m, and m,.

(a) Sampling frequency = 15kHz
1.5 T T

1k Measured frequency 1

I I I
0 5 10 15 20 25 30

frequency [kHz]
(b) Sampling frequency = 20kHz
T T

1k Measured frequency 2

0.5

! ! !
0 5 10 15 20 25 30
frequency [kHz]

(c) Sampling frequency = 25kHz
1.5 T T T

1k Measured frequency 3

0.5

! ! !
0 5 10 15 20 25 30
frequency [kHz]

Figure 3.2.1 Results for Doppler ambiguity
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The equation still holds for any integer multiples of m,, m, and m,. In this case, the

maximum resolvable Doppler frequency would be the Least common multiplier (I.c.m) of
those sampling frequencies. This is computed from,

f, = PREm, + f,, f, = PRF,m, + f,, f, = PRE,m, + f,. (3-2-2)

0

where f, = target Doppler and m;,m, and m, are integers, or
f, = f, mod(PRF,), f, = f, mod(PRF,), f, = f,mod(PRF,),  (3-2-3)

where mod is defined through the expression amod(b)=nb+a and n = an integer. The

problem then becomes one of solving a set of modulus equations, so called simultaneous
congruences, which should be satisfied at the same time.

PRF 1
1
0.5 } X1 } }
0
0 0.2 0.4 X0 0.6 0.8 1
Time
PRF 2
1
0 1 1 1 ]
0 0.2 0.4 X0 0.6 0.8 1
Time
PRF 3
1
0.5 X3
0 1 1 1 1 ]
0 0.2 0.4 X0 0.6 0.8 1
Time

Figure 3.2.2 Multiple PRF resolves range ambiguity.

The same procedure can be applied to determine the range as shown in Figure 3.2.2.
The measured distances for each PRF are denoted by x,,Xx, and x,. The real range would
be

X, = TN + X, X, =T,N, +X,, X, = TN, +X,. (3-2-4)
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where X, = target range, and n;,n, and n, are integers, with T, = %DRFl’ T, = %DRFZ’
T, = }/PRFS' Equivalently

Xo = X, mod(Tl), Xo = X, mod(Tz), Xo = X3 mod(Ts). (3-2-5)

Note that one can measure the time instead of the distance since the distance to the target

equals C'%.
The most common algorithm to resolve a set of simultaneous congruences like in this

case is the Chinese remainder theorem. This is the most common technique used currently
and much research has been done establishing the credibility of this approach [3-5]. First,
consider a case of two congruences

X = b mod(n), (3-2-6-a)
X = a mod(m). (3-2-6-b)

From (3-2-6-a),
X=b+nt (3-2-7)

and from the second equation one observes that t must satisfy the condition

a+mt =bmod(n) (3-2-8)
or
mt = (b —a) mod(n). (3-2-9)

According to the general rules just derived, the linear congruence in t can only have a
solution when the greatest common divisor denoted by g.c.d(m, n) can be divided by b-a.
When this is the case the congruence (3-2-9) may be divided by d and

m_b-20d (ﬂj (3-2-10)
d  d d

Let t, be some particular solution of this congruence and
X, = a+mt,,

which is a solution of (3-2-9). The general solution of (3-2-9) is then
n
t =t, mod (Ej (3-2-11)

so that it can be written as
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n
t=ty+uy, (3-2-12)

where u is some integer. The resulting general solution of the original congruence is

X=a+m (t0+§uj=x0+u? (3-2-13)

or
x = X, mod [l.c.m(m,n)], (3-2-14)

since l.cm (m,n)= ? is the Least common multiplier for m and n.

When one considers a set of algebraic congruences for several modulus and X, is the

number satisfying all of them, it is clear that if one adds any multiples of l.c.m of all
modulus of x,, the resulting number will also be a solution. Therefore, with several

possible moduli it is apparent that the number of different solutions is given by the
incongruent solution corresponding to the I.c.m of the various modulii.
When several simultaneous congruences are given

X=a, mod(ml) , X=4a, mod(mz), X=a, mod(mg), (3-2-15)

then the solution can be found by repeated application of the method given above. One
combines the first two congruences and finds a single congruence as

x =a, mod [l.c.m(m,,m,)], (3-2-16)

which can replace (3-2-10). This in turn is solved in conjunction with the third, and so on.
One sees that if there exists a solution of the congruences (3-2-10), then there is only a
single solution, with respect to a modulus that is the I.c.m of all the modulus m, .

The necessary and sufficient condition for a set of simultaneous congruences has been
discussed and proved in reference [6]. That is;

X = ai(mod(mi )) ;o 1=1,2,3,...,r. (3-2-17)
Then to have a solution which is valid for any pair, one has
a; =a,; mod (g.cd(m;,m,)). (3-2-18)
This results in a single solution for the modulus

Mr:I.c.m(ml,mz,---,mr). (3-2-19)
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For example, x = 7mod(42) and x = 15mod(51) do not have a solution since g.c.d(42,51) =
3 and 7 15mod(3).

According to the above theorem, there is a unique solution to these congruences for a
modulus that is equal to the product of all the given ones. The first known source of such a
theorem exists in the Arithmetic of the Chinese writer Sun-Tse and the resulting formula
is often called the Chinese remainder theorem. One begins by forming the product

M=mm,---m, (3-2-20)

of the relative prime modulus of the set of congruences. When M is divided by m,, the
quotient

(3-2-21)

r

M
—:mz...m
ml

is the number divisible by all modulus which are relatively prime to m,. Similarly the
number

-m (3-2-22)

is divisible by all modulus except m,, to which it is relatively prime. For each i, one can
solve the linear congruence

b, mM =1mod(m,). (3-2-23)

The Chinese remainder theorem can be stated as: Let the set of simultaneous congruences
given for the modulus m. be relative primes. Then

x=a mod(m,) ;fori=1,2,3,...r. (3-2-24)

For each i one determines b; through the linear congruence

b, M_ 1mod(m,), (3-2-25)
mi
M, =lcm (m,m,,---,m,). (3-2-26)

The solution of the set of congruences is then

M M M
X = (alb1 o a,h, e -ab, m—j mod(M). (3-2-27)

1 2
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The following example corresponds to the three congruences with x=2mod(3), x =
3mod(5), x =2mod(7). If M =105 and then

M M M
— =35, —=21, —=15.
ml m2 m3

The set of linear congruences will be
35b, =1mod(3), 21b, =1mod(5), 25b, =1mod(7)

and it has the following solution

Therefore
x=(3-2-35+3-1.21+2-1-15)mod(105) = 233mod(105) = 23mod(105).

The Chinese remainder theorem can accurately estimate the Doppler frequency and
range of a target when used in multiple PRF systems as compared to the other methods.
In addition to that, other methods like FFT or the matrix pencil method should be used
before applying the Chinese remainder theorem to estimate the Doppler frequencies for
each PRF. The problem with the Chinese remainder theorem approach when applied to a
multiple PRF system is that a small range error on a single PRF can cause a large error in
the resolved range and there is no indication that this has happened. Trunk and Brockett
[5] introduced a clustering algorithm to resolve the range and the Doppler in a multiple
PRF systems.

Measured
frequency
by PRF1

¥ PRF1 PRF1 \Doppler

I © [© (O ) ((© N © N
]
| Measured
\  frequency
| byPRF2
1

\ PRF2 PRF2
__D____Q‘ _______________ Pot L« N b_.

Measured

frequency

by PRF3

¥ PRF3 PRF3 D

RN © MR, O S —— L@ ——— Q_ ... TTTTTGVZTTT

Figure 3.2.3 How Doppler ambiguity can be resolved by the clustering algorithm.
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To deal with this problem, one should be given a measure of the error at the estimated
values of the Doppler. As shown in Figure 3.2.3, the Clustering algorithm calculates the
error, denoted by C(j), between the estimates and the average of the estimates of Doppler
that is the same as the calculation of variance. At the actual Doppler frequency, the
variance by the PRFs should be the minimum. Without any noise, the C( j)should be zero
at the actual Doppler frequency. The value of C(j)at the original Doppler will also be the
same as the variance for the noise in the measurement and the maximum may be obtained
by the Cramer-Rao bound. The average squared error C(j)for m consecutive Doppler is

j+m

. 1 =12
Cli)=— ) |f;—f| ,
(i)=— Z |
(3-2-28)
where f = the average value of the m ordered Doppler,
m = number of the PRF,

fo tested frequency for i-th PRF and o times the folded one.

Consider a Doppler frequency of 25.5kHz to illustrate how the algorithm works for the
multiple PRF systems. If the three PRFs are PRF, = 5kHz, PRF, = 6kHz, PRF,= 7kHz,

then C(j) can be calculated and is shown in Figure 3.2.4. C(j) is minimized at the target
frequency of 25.5kHz which is equal to the argument j = 63.

10 T T T T T T T T T

10

®0)]

107 E

10 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100

Figure 3.2.4. The result of applying the clustering algorithm.
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3.3 LEAST SQUARES METHOD

The concept of spectral analysis to nonuniformly sampled data using Least squares was
first proposed by Vanicek in 1970 [10]. Lomb (1975) developed this method and showed
that a correlation exists between the height of the spectrum at any two frequencies which
is equal to the mean height of the spectrum due to a sinusoidal signal of frequencies f,;

and f, [11]. These correlations reduce the distortion in the spectrum of a signal affected

by noise which is an additional benefit to using unevenly spaced data [11]. Further studies
have been done by Scargle (1982) in which he provided a simple estimate of the
significance of the height of a peak in the power spectrum through the false alarm
probability [19]. Feraz-Mello used non-orthogonality of the basis functions when the
sampling is uneven and then applied the Gram-Schmidt orthogonalization procedure
which is basically equivalent to a periodogram based method [21].

The periodogram approach to the evaluation of the spectrum form a set of
nonuniformly sampled data provides a scan of a given frequency range. This is obtained
by fitting sines and cosines functions in a Least squares fashion to the data and plotting the
correlation of the data for each frequency. The Least square spectrum provides the best
measure of the power contributed by the different frequencies to the overall variance of
the data. Therefore this can be regarded as the natural extension of the Fourier methods to
nonuniformly spaced data. The frequency increment can be determined with any precision
and that is an additional benefit of using this method. Additional advantages can be
derived from the uneven or random sampling which is absence of aliasing if the sampling
were to be completely random [9, 13, 15]. It is known that in such situations the spectrum
would be completely alias free [12].

Even though the periodogram analysis has many benefits, it also has some drawbacks.
For example it cannot evaluate the spectrum for negative frequencies since it is a power
spectrum of a real sequence. The estimated peak does not precisely correspond to the true
magnitude of the signal. The error in the peak is mainly from the nonuniform spacing,
which does not have the same source of error as in the FFT in which the error is primarily
due to the finiteness of the sequence. A formulation that can resolve both positive and
negative frequencies without loosing any of the benefits of the periodogram approach has
been studied in this section. Additional properties of the Least squares approach have been
investigated in section 3.3.2 to reduce the number of computations in a real time
operation.

3.3.1 Formulation of the Least Squares Method
Let a continuous complex signal x(t) be sampled at time instants, t =t,, fork =0, 1, 2,

..., N=1. We are interested in looking for a harmonic component of frequency o, so that
h(t)= (a+ib)cosfw(t — 7)]+ (c +id)sin[w(t — )] (3-3-1)

where a, b, ¢, d and t are real constants. The delay parameter t enables one to select any
arbitrary location of the origin in the time axis. To estimate a, b, ¢ and d the following
mean square difference is minimized,
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2

F= Nzl\ X(t, )~ (a+ib) coslwl(t, - 7)]- (¢ +id)sin[w(t, - 7)] | (3-3-2)

k=0

with respect to the unknowns. Taking derivative of F with respect to the unknowns a, b, ¢
and d will produce the normal equations which are of the form

9 _o
da
or equivalently
N 1 N-1
) cos[o(t, — )]+ x(t, ) coslwlt, —7)]
k=0 k=0
_ZaZcos olt, -7 +2chos o(t, —7)] sinfelt, —7)], (3-3-3)

where X(t, ) is the complex conjugate of x(t, ). Since 7 is a free parameter, it is selected
so as to simplify the normal equations; that is,

=2

-1

cos[o(t, — 7)Jsin[w(t, —7)]=0. (3-3-4)
k=0
Solving for t will yield
N-1
> sin(Zwtk)
tan(2er) = £=0 . (3-3-5)
> cosl2mwt
S ooy

Similarly for the parameters b, ¢ and d, we enforce

dF _dF _dF _
do  dc dd

Use of (3-3-4) will yield the following equations

N-1 N-1 N-1

iX(t, )cos[a(t, —7)]- D ix(t, Jcos|w(t, —7)]=2b> cos’[a(t, —7)],  (3-3-6)
k=0 k=0 k=0
N-1 N-1

x(t, )sinfo(t, —7)]+ > x(t, )sin[o(t, —7)] ZCZSII‘I o(t, —7)] (3-3-7)
o 0
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ix(t, )sinfo(t, —7)] NZ‘jlx )sin[w(t, —7)] ZdE‘jsinz[a)(tk—r)]. (3-3-8)

=0

N-

|_\

7\_

k=0

The resulting values are:

=z

-1 N-1

Re[x(t, )]cos|w(t, —7)] Im[x(t, )]cos[e(t, —7)]
a_k:O 1 b:k:O N_l ,
ZCOS olt, —7)] Zcosz[co(tk —7)]
S eebit Jonlot, ) S mbit, It )
= - =i , (3-3-9)
> sin?[oft, —7)] Zsmz[a)t —7)]
and k=0 k=0
X(t, Jeoslo(t, —7)] Z X(t, )sinfo(t, —7)]
a+ib=t2_ L cid =KD (3-3-10)
2, cos’[w(t, —7)] kZz(;sin2 [o(t, —7)]
Substituting (3-3-10) into (3-3-1) will yield
> x(t, oosfoft, -] > x(t, Jsnfoft, ~o]
h(t) =*2— cos[(t — 7)]+*=2— sinfo(t—7)]  (3-3-11)
kZ:(;cos2 [o(t, —7)] kzz(;smz [o(t, —7)]
The power in the harmonic component at frequency  is given by
NZ‘?‘ h(t,, @ ‘ =|a+ib|* Zcos o(t, —7)] |c+id|2NZ_fsin2[a)(tk—
} oot i it sl ol 5310
kZ:;‘)cosz[co(tk —7)| kz:;‘)sinz[a)(tk —7)]

Equation (3-3-12) is a complex version of the Lomb periodogram [11]. Observe that (3-3-
12) yields the same value for @ and — @ since it is squared. Obviously, this expression is
not suitable for negative frequencies. To obtain the phase component of the spectrum from
the power representation (3-3-12), a frequency response E(a)) of the following form is

assumed:
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N-1

=Zacos[ (t, —r]+|2ﬂsm[a) k—r] (3-3-13)

where 7 is a free parameter as defined in (3-3-1). The corresponding power spectrum can
be written as

P(a))z‘ E(w) ‘2 = :Z_;lacos[a) (t, EZ_: Bsinlo (¢, —7)] (3-3-14)

Matching (3-3-12) and (3-3-14) for all x(t, ) will give the unknown coefficients ¢ and 2,

h ) S x(t,)coslw (¢, —7)]
a Cos[a) (t, —r)]z + X0

b=

k=0 \/N lCos [a) t —r] |
N-1 Nilx(tk)sm[a) (tk _7)]
psinfo (t, - 7)]=+ 2 . (3-3-15)

sin [a) t —r]

Q_

k=0

Thus,

N-1 N-1

x(t, )cos|o (t, — )] x(t, )sin[o (t, —7)]

=0 . (3-3-16)

[Esnlo -]

=

=0

[Etna

=~

E(w)=+

k=0

There can be four possibilities of choosing a sign and the problem is how to choose the
correct one. The expression for the correct frequency can easily be obtained from the
analogy of the conventional Fourier transformation or by inserting the following test
signal x(t, )=e'"" and observing (3-3-16) at the frequency », and —w,. The resulting

expression takes positive signs for both the terms, i.e.,

N-1 N-1

x(tk)cos[a) (t, _7)] X(tk)Sin[a) (t, _7)]
E(w)= X2 + X0 . (3-3-17)

\/Sz::cosz[a) (t - )] \/gsinz[w (t, - )]

=~

The phase information can be obtained using this expression.
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To illustrate the significance of (3-3-12) and (3-3-17), consider a signal of the form
f (Xk ) _ e2»27ztki n 2e73.5»2mki _ 2.5e42ﬂtki 1

where t, is a random number uniformly distributed between [0, 100] for k =1, 2, ... , 100.

Observe that this is the same signal as in the section 3.1 except for the average sampling
frequency is much higher than the previous one. Now (3-3-12) and (3-3-17) are used to
estimate the spectrum of the nonuniformly sampled data and the result is shown in Figure
3.3.1. Average sampling frequency is 1 Hz which is much lower than the Nyquist
sampling rate (4 Hz since this is a complex signal). Here, the sampling frequency
corresponds to the highest vale of the signal and not twice the highest frequency as
required for the conventional Nyquist sampling theorem to hold. As seen in Figure
3.3.1(b) the negative frequency component located at —3.5 Hz is now distinguishable
through the use of Equation (3-3-17). This is not possible in Figure 3.3.1(a) which is the
original formulation for the Lomb periodogram. Note that the absolute value has been
taken and squared in Figure 3.3.1(b).

(a) Lomb Periodogram using (3-3-12)
800 T T T T T T T T T

600 |

400

200 |

1500

1000 |

500 |

-5 -4 -3 -2 -1 0 1 2 3 4 5
Frequency [Hz]

Figure 3.3.1 Comparison between the Lomb periodogram and the new modified scheme.

3.3.2 Hilbert Transform Relationship

We can reduce the computation time in the evaluation of the spectrum time by using a
Hilbert transform relationship between the real and the imaginary parts of (3-3-17), E(w).
This means that the time domain response of E(w) is causal and this is shown next. The
Hilbert transformation can be obtained by performing two Fast Fourier transforms and one
multiplication. Assume that the number of frequency steps is M, and then the operation
count for the Hilbert transform will be 2MlogM+M. The operation count for the
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evaluation of Equation (3-3-17) is 4(N+1)M where N is the number of time domain data
samples. By utilizing the Hilbert transform relationship the real part of (3-3-17) can be
obtained from the imaginary part, and vice versa with reasonable accuracy and the
2log(M )+1+ (2N +2)
4N +4

M and N are large numbers, a maximum of 50% of reduction in the computation time by
utilizing the Hilbert transformation is obtained.

Assume a causal time domain signal x(t) which exists on [0,&] where « is a finite

number, then

processing time will be reduced by a factor of approximately. If

” )_Zk:X(tk)COS(a)tk) _Zklx(tk)sin(wtk)
w)= \/Zk:COSZ(wtk) \/ZklsinZ(wtk) .

(3-3-18)

Here, the term 7 is ignored since « is assumed to be a large number compared to the
period of the signal and it is assumed that x(t) is a time invariant sequence. When the time
step is small, we can replace the summation in (3-3-18) by an integration, i.e.,

Tx(t)cos(a) t) dt Tx(t)sin(a) t) dt
E(w)="2 +i2 . (3-3-19)

\/Icosz(w t) dt \/Isinz(a) t) dt

Application of

T sin(2 “ . sin(2
!COSZ(a) t) dt:%+%' !smz(a) t) dt:%— E‘rac)oa),

will transform equation (3-3-19) to

Tx(t)cos(a) t)dt  [x()sin(wt) dt
E(w)="2 +i : (3-3-20)

O ==y Q

2 4o

2 4o

If we assume |we| >>1, then ‘ sin(2oa) ‘<<|2a)0{| and

E(w)~ \ET x(t)cos(w t) dt + '\/%T X(t)sin(w t) dt. (3-3-21)
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Since x(t) is causal, the real and imaginary part of E(w) will be related by the Hilbert
transform relationship when |we|>>1. Figure 3.3.2 compares El(a)) with the Hilbert
transform of E,(w) where E(w)=E,(»)+iE,(w) and E,(»), E,(w) are real. Figure
3.3.2(a) corresponds to the case, when |w¢| is relatively a large number, and then the two
results will coincide with each other. When \wa\ is small, Figure 3.3.2(b) shows that

there are some differences between the two curves where @ is of a small value. To
illustrate the applicability of this method we consider the same signal as in the previous
example:

f(x, )=e??" +2e7%%°™ _ 25" 0 <t, <a

and the Matlab function HILBERT is used to compute the Hilbert transform of E, ().

Processing time to obtain the estimator (3-3-17) can be measured by changing the number
of frequency steps and the number of time domain data samples. The result is shown in
Figure 3.3.3. By utilizing the Hilbert transformation, the processing time has been
reduced by 46%.

(@) When ¢, is large (o, = 2)
40 T T T T T T T T T

20 — Ei -
--------- Hilbert transformed from E2
_40 1 1 1 1 1 1 1 1 1
-5 -4 -3 -2 -1 0 1 2 3 4 5
(@) When ¢, is small (o, = 0.5)
40 T T T T T T T T T

20+ = 4
--------- Hilbert transformed from E:2

_40 1 1 1 1 1 1 1 1 Z
-5 -4 -3 -2 -1 0 1 2 3 4 5
Frequency [Hz]

Figure 3.3.2 El(a)) and Hilbert transform of Ez(a)) for different value of @« . If war >>1 results
coincide with each other as shown in (a).

3.3.3 Estimation of the amplitude

As seen in Figure 3.3.1, none of the Lomb periodogram methods or the modified ones
provide the exact amplitude of the signal. The error obviously comes from the uneven
spacing and the aliasing between the different frequencies.
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Since the estimates of the frequencies giving rise to the peaks are not much different
than the actual ones, we can estimate their amplitudes from these frequencies by using a
Least square method. If the signal is a sum of exponentials, then

L
X(t,)=Y A k=1,2, .. N, (3-3-22)
1=1

s
>
@
I
ES)
11

frequencies which give highest peaks,
given data with respect to unevenly spaced point t, ,
L = number of frequency components,

X
—
=
~
|

and A = unknown magnitudes.
CPU time (a) CPU time reduces by 46% when using the Hilbert transform
1 T T T T T T T T

0.81 Number of time domain data = 100

Equation (3-3-17
06 q ( )

)

e |

0
100 200 300 400 500 600 700 800 900 1000
Number of frequency steps

CPU time (b) CPU time reduces by 47% when using the Hilbert transform
04 T T T T T T T T

0.35
Number of frequency steps = 100
0.3f
Equation (3-3-17)
0.25

0.2

0.15

0.1

0.05
100 200 300 400 500 600 700 800 900 1000

Number of time domain data

Figure 3.3.3 Processing time is reduced by using the Hilbert transform relationship.

By rewriting (3-3-22) as

32



M X(tl)_ eiw1t1

_X(tN )_ eia)ltN

eia)ztl eithl ]
ei&)ztz eithZ 2“2
eia)th eithN A

(3-3-23)

and using the pseudo inverse, a vector A containing all the amplitudes can be obtained
from the unevenly sampled points of the signal x(tk) corresponding to the estimated

frequency o, as,

where B =

e oty e iyt
ei(ultz eiwztz
e oty e oty

A=(B'B)'B"f

eithl ]

e o t,

ei(uLtN

JNxL

(3-3-24)

and B” is a conjugate transpose of B.

The same signal as described by the first example has been used to verify (3-3-24) and the
result is shown in Figure 3.3.4. The three signal components with unit amplitudes can be
obtained precisely by utilizing (3-3-24) while the amplitudes obtained from using (3-2-17)
have some differences when compared with the true value.

Magnitude
T T T T T T T T T
1.2 b
1r (@] (] (@) 1
081 * h
¥+ *+
0.6 i
@] Original
04t * Equation (3-3-17) .
Equation (3-3-24)
0.21 h
0 1 1 1 1 1 1 1 1 1
-200 -150 -100 -50 0 50 100 150 200 250

Frequency [rad]

300

Figure 3.3.4 Result of Equation (3-3-19). Since the periodogram does not give accurate values of the
amplitudes, (3-3-19) can be used.
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3.3.4 Summary

Unevenly spaced spectrum using the Least squares method has been studied in this
chapter. The well-known Lomb periodogram approach has many benefits but it cannot
discriminate between positive and negative frequencies. Using a modified scheme,
positive and negative frequencies can be discerned without losing any of the benefits of
the Lomb periodogram. The method to estimate the magnitude of the signal using the
periodogram approach has also been described.

One of the properties of the periodogram approach is that a Hilbert transform pair
relates the real and imaginary parts of the coefficients. By utilizing this property, the
computation time for the spectrum can be reduced by half.

3.4 MULTI-RESOLUTION ANALYSIS

In an effort to reconstruct a band-limited signal from an unevenly sampled signal using
multirate filter banks, a multi-resolution approach has been taken by Vaidyanathan [25, 26
and 27]. It is possible to reconstruct a band-limited sequence from a data sequence
followed by decimation.

Since the spacing of the multiple PRF is not uniform and is not totally random, it can
be characterized by an unevenly decimated version of the signal. In that case, one can
utilize quadrature mirror filters (QMF) to get the original signal. Two preliminary
conditions should be satisfied when using this approach to reconstruct a signal from an
unevenly sampled data. First, the signal should be band-limited. In real life, there cannot
be a band-limited sequence since our sample length in time is finite. If numerous data
points are obtained or the signal spectrum is concentrated in a certain region, then one can
consider the signal to be approximately band-limited for all practical purposes. Second,
the sampling frequency cannot be totally random but it should have a common interval so
that each sample in the multiple PRF signal is an integer multiple of the common interval.
Since multiple PRF system satisfies the second condition, the main contribution to the
error would be the finiteness of the data samples and the accuracy in the design of the
filters.

This method illustrates the correlation between sampling rate and the bandwidth. If the
bandwidth becomes large, the number of samples should increase within a given period of
the signal so as not to loose any information. Conversely, if the number of data samples
becomes small, like missing data or due to decimation of the data, the bandwidth should
decrease proportionally. In an ideal case, the QMF analysis can recover the unknown
samples in between the missing data exactly. A two PRF case has been presented in this
section and this can be extended to the multiple PRF case.

3.4.1 Two PRFs Case (20kHz and 30kHz)

It is known that if a sequence is band-limited and the average sampling rate satisfies
the Nyquist sampling criterion, then the sequence can fully be recovered regardless of the
sampling rate whether it be uniform or not. Assume that we have M uniform samples in a

period, then the maximum angular frequency content of the signal would be |a)| <z. If
we have a decimated sequence which has N randomly chosen samples out of M uniform
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N
samples, then the bandwidth of the sequence should be reduced to |a)|§72'v for a

complete recovery of the signal without aliasing.

Figure 3.4.1 provides an example of the data sampled by two PRFs, 20kHz and 30kHz.
Since the greatest common divisor of those two frequencies are 60kHz, the sequence is
repeated every 6 intervals (every 4th sample). We want to recover the missing 2 samples

occurring at time step 1 and 5 out of 6 samples from a band limited sequence of |a)| < %7:

Perfect reconstruction can be achieved by a QMF system shown in Figure 3.4.2 if we can
derive a set of filter banks which can carry out a perfect reconstruction of X(z). Hence,
the missing samples can be recovered. The intermediate step labeled U, s in Figure 3.4.2 is

the unevenly sampled sequence. One can estimate the output )2(2) using Equations (3-4-

1) and (3-4-2). The output z transformation of the M-fold decimator (up sampler) Y(z) is
[25]:

1 Wt - j2sk
Y(2) = — x(z%ﬂe ’ W). (3-4-1)
M i
1 T T T T T T T T T
O=20kHz 0=30kHz

Figure 3.4.1 Data generated by sampling a signal using 2 PRFs (20kHz and 30kHz).

X(Z) U, Y
D), D, H
Z—Z
'@ U, %) H V.
>
Zfl
— @ —
3
71
u, v, X(z2)= 27X (z
D

Figure 3.4.2. Block diagram for the reconstruction of the band-limited signal when sampled by the 2 PRFs
(20kHz and 30kHz).
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The output Z transform of the L-fold expander (down sampler) Y(z) is given by [25]:

Y(z) = X(z"). (3-4-2)

27 iz
We define W :efJ g7 =e 7 and the U, in the Figure 3.4.2 would be obtained using
equation (3-4-1), as

Ul(z):%i X(Z%Wk),

k=0

U,(2) =—Z(z%wk)_2 x(z%wk), (3-4-3)

U,(2) = (z%wk)4x(z%wk).

k=0

By using (3-4-2), the Vs are given by

g(zw T2 X wk iy, (3-4-4)

The output )2(2) will be the sum of all the V,’s and this should be a purely delayed

version of the original sequence if it were to be a perfect reconstruction of our signal.
Thus,

~

X(2) =Vi(2)+V,(2) +V4(2)+V,(2)
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[X(2)+ X (2W)+ X (2W?)+ X (2W?)+ X (2w *)+ X (2w ® )H,

2)+W 22X (2W )+ W X (2W 2 )+ W o X (2W3)+ W X (2w ¢ )+ W X (zW ® o °H,
2)+W X (ZW )+ W X (2W 2 )+ W X (2W 2 )+ W 22X (zW *)+W 2 X (2w ® )}z °H,
+[X (2)+W X (2w +W‘8X(W2) WX (2W 2 )+ W X (2W 4 )+ W X (2w ® ) H,

z
=727"X(2), (3-4-5)

where k is any constant. The aliased terms, X(zW), X(zW?), X(z2W?), X(z2w*) and

X(zWS) , should be zero for perfect reconstruction and the output signal term should be a

delayed version of the original signal. Matching term by term in each of the two
expressions will yield

1 ) [Hy+272H, + 2°H, + 27*H, |= 27X (2), (3-4-6-3)
ZX(zW) [H, +W 222H, +W 2 ®H, +W *z*H,]=0, (3-4-6-b)
1 2 —4_-2 -6_-3 -8 -4
gx(z\/\/ ) [Hy +W222H, +W 22 H, +W *z*H,|=0, (3-4-6-C)
1 3 -6.,-2 -9_,-3 =12 -4
EX(ZW ) [H, +W 22H, +W °z°H, +W ?zH, ]=0, (3-4-6-d)
%X(ZW4) [H, +W 222H, +W 223 H, +W %*24H, ]=0, (3-4-6-€)
%X(ZWS) [H, +W ™ 22H, +W ™2 °H, +W ?z*H, ]=0. (3-4-6-f)

We have 4 unknowns, H,,H,,H, and H,, and 6 equations which cannot be solved
simultaneously in general. In our case, the shifted terms X(zW), X(zW?), X(zw?),

X(z2W*) and X(zW°®) exist only in limited regions in the frequency domain and we can
make those equations satisfy the constraints in each region. Figure 3.4.3 shows the shifted
versions of the sequence X(z). In region 1 of Figure 3.4.3, Equation (3-4-6-a), (3-4-6-b),
(3-4-6-c) and (3-4-6-d) need to be satisfied since X(zW*) and X(zW°®) are zeros and it
satisfies all 6 equations in region 1. Solving the equations will give the filter
characteristics in region 1. The filters, H,, z?H,, z°H, and z™*H,, should be constant
numbers for each frequency region since W is a constant. In region 2, Equation (3-4-6-a),
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(3-4-6-b), (3-4-6-c) and (3-4-6-) need to be satisfied since X(zW*®) and X(zW*) are
zero and it satisfies all the six equations. Solving the equations will give the filters
characteristics in the region 2. In region 3, Equation (3-4-6-a), (3-4-6-b), (3-4-6-¢) and (3-
4-6-f) need to be satisfied. X(z2W?) and X(zW?) is zero which makes it possible to
satisfy all the six equations, simultaneously. Solving the equations will give the filter
characteristics in the region 3. In region 4, Equation (3-4-6-a), (3-4-6-d), (3-4-6-e) and (3-
4-6-f) need to be satisfied since X(zW) and X(zWZ) are zero and this satisfies all the 6

equations. Solving all these equations will give the filter characteristics in the region 4.
Once the filter coefficients for each region are calculated, they should be combined to

make a set of filters. Note that each filter from the equation yields H,, z°H,, z°°H,

and z*H, and the delay should be taken out from them when realizing the filters. The
results of those filters are shown in Figure 3.4.4.

(a) The spectrum of a signal
1.2 T T T T

0.8+ B
+ X(2)
0.6 e
0.4+ E

0.2 |- .

(b) Shifted versions of the spectrum

T T T T

LXEWY  XEWYH X@WD) () XEW)  X@W?)
e oy /\

[N

0.5

+ Region4+ =+ Region 3+ + Region 2+ + Region 1

1 1 1 1 1 L 1
-3 -2 -1 0 1 2 3
Frequency [rad]

Figure 3.4.3 Spectrum of a sampled signal and its shifted versions.
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Figure 3.4.4 Filters to generate a perfect reconstruction of the signal for the system of Figure 3.4.2.

A numerical example outlined in Figure 3.4.2 utilizing the system of filters as
described in Figure 3.4.4 is used to illustrate how this method performs. The original
signal is described by

f(x, )=e??™ 4+ 27852 _2 5™ fork=1,2, ..., 168. (3-4-7)
The signal is sampled at 5.5556Hz and 8.3333Hz (equivalent sampling at 20kHz and
30kHz with time scaling) simultaneously as shown in Figure 3.4.1 and it is equivalent to

sampling the signal at 16.6667 (60kHz) and then unevenly decimating it. Note that the
maximum frequency in the signal is 4Hz which is less than half the equivalent sampling
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frequency 5.5556Hz (= N/M - 16.6667/2). The frequency domain result is given in Figure

3.4.5. Observe that the original signal is not strictly band-limited due to the finite number
of data samples but the transformed one is band-limited. Figure 3.4.6 produces the
resulting time domain sequence.

3.4.2 Multiple PRF Case

The same procedure as described for the 2 PRF case can be applied to the multiple PRF
case. Define M as the total number of time steps in one period where decimation
repeatedly occurs. If the PRFs are relatively prime numbers of each other, the time step M
will be given by the least common multiplier (I.c.m) of the PRFs. For example, the
sampled data for the 3 PRFs 3Hz, 4Hz and 5Hz which are relatively prime numbers is
repeated every 60 time steps as illustrated in Figure 3.4.7. If the PRFs are not relative
prime numbers, then M should be divided by the greatest common divisor (g.c.d) of the
PRFs. Sampling the data by PRFs of 3Hz, 4Hz and 5Hz is same as sampling the data at
30kHz, 40kHz and 50kHz except that the scale factor and M can be recalculated by
dividing the PRFs with their g.c.d, i.e.,

_ lem(PRF, PRF, ) | (3-4-7)
g.c.d(PRF,,PRF, )

(a) Spectrum of the original sequence
400 T T T T T T T

300 :

200 | :

100 :

ok : : :
3 2 1 0 1 2 3

(b) Spectrum of the estimated sequence
400 T T T T T T T

300+ | 5 i
200} .

100} ! .

Frequency [rad]

Figure 3.4.5 Spectrum (magnitude) for the data of Figure 3.4.2 when using the QMF filters as shown in
Figure 3.4.4.

40



(a) Original sequence
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(b) Estimated sequence
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Figure 3.4.6 Time domain data for the example of Figure 3.4.2 when using the QMF filters as shown in
Figure 3.4.4.

The number of known samples in one period adds up to the PRFs reduced by 1 if they
are relative prime numbers. If they are not relative prime numbers, it can simply be
divided by their g.c.d. as before. Define N as the number of known samples in the M time
intervals, where

> PRF,

N = : ~1. 3-4-8
g.cd(PRF,,PRF, --) (3-4-6)

For the 30kHz, 40kHz and 50kHz case we will have 11 known samples in one period. We
have 49 (= 60 — 11) unknown samples in one period in this case (represented by the dots
in Figure 3.4.7). The ratio of the number of unknown samples to the known samples
determines the maximum bandwidth of the signal with respect to the Nyquist rate. The
real data sampled by the exact Nyquist frequency or at a higher frequency can have a
maximum bandwidth of 2 times the Nyquist frequency for an exact reconstruction. A
more sparsely sampled data than the Nyquist rate should have less bandwidth for an exact
reconstruction. The maximum bandwidth allowed for the signal would be

N
<r—. -4-
|a)|<7zM (3-4-9)

Obviously, the bandwidth if sampled by the Nyquist rate is |o| < 7.
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O = 30kHz O = 40kHz 0 = 50kHz

0 10 20 30 40 50 60

Figure 3.4.7 Sampled data generated by the three PRFs.

Even though the signal is band-limited by Equation (3-4-9), the effective sampling
frequency increases to the I.c.m of those three PRFs of 3, 4 and 5Hz which is 60Hz. The
actual maximum resolvable Doppler frequency also increases.

The number of filters that should be designed is the same as the number of known
samples (N) as in the Figure 3.4.2. The spectra should be divided into M regions to

2
calculate each of the filter coefficients. The bandwidth for each region will be V”(for the

2
20kHz and 30kHz case it is %) and this can be a limitation for realizing a filter when M

is a large number with a finite number of sampling points. For the 3 PRF case, 30kHz,
40kHz and 50kHz, the total number of filters in Figure 3.4.2 will be 11 and the maximum

11
bandwidth of the signal would be |@| < 75 when the sampling rate is 600kHz (= I.c.m of

30kHz, 40kHz and 50kHz). This is equivalent to sampling the data at 110kHz (=
600x11/60) since there is both a reduction of the bandwidth and an increase of the
sampling frequency. That is, the maximum resolvable Doppler frequency is increased by
2.75 (=110/40) times over the single PRF case of 40kHz. In this case the maximum
resolvable range increases by 4 (=40/10) times that of the single PRF system of 40kHz.

The bandwidth of each region for the QMF is |2\/|_7[ _2r

60

3.4.3 Optimum Value of M and N in Radar Application

This method has two practical limitations as indicated earlier which causes errors in the
estimation. First, assume that the signal is a band limited sequence. In a real situation
obtaining a band limited sequence through a finite number of samples is not possible. In
radar applications, typically the maximum number of samples does not exceed a few
hundred points. In which case, our reconstruction of spatial domain data will have inherent
errors. This is shown in the previous example of Figure 3.4.5. The other limitation is the
bandwidth of each region. Each of the filters to be implemented in each of the region has
an M band filter characteristic [25] and the bandwidth becomes too small if M becomes
large. For the 3 PRF case of 30kHz, 40kHz and 50kHz, we need a filter which has a

bandwidth of ?\/I_ﬁ = 2_7(; This type of filter is difficult to implement since there are only a

few hundred sample points.
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The range increment by using a multiple PRF system is proportional to 1/PRF and it is
given by
PRF,

R - , 3-4-10
g.cd(PRF,,PRF, ) ( )

where IR is the increase of the scale factor in terms of the range and PRF, is the PRF used
for comparison with that of a single PRF system.

The maximum resolvable range for the 30kHz, 40kHz and 50kHz PRF cases will be 4
(= 40/10) times that of the single PRF case corresponding to 40kHz.

The increase in the range of the Doppler by using a multiple PRF system can be seen
from the following equation

l.c.m(PRF,, PRF, --)

ID = Bandwidth x f, = -
M PRF,

, (3-4-11)

where ID is the increase in the range of the Doppler, Bandwidth is the ratio of the
maximum signal bandwidth divided by two times the Nyquist rate and f, is the

equivalent sampling frequency of the multiple PRF system. The maximum resolvable
Doppler for the 30kHz, 40kHz and 50kHz PRF case is 11/4 times that of the one PRF case
of 40kHz.

Since there is a trade-off between maximum Doppler and maximum range [1, 2], we
want to maximize the incremental product of the of Doppler and the range, that is,

Dx 1R~ N LCM(PRF, PRF, )  PRFy
M PRForig GCD(PRFl, PRF, )
N LCM(PRF,, PRF, - PRF,,
) X
LCM(PRF,, PRF,--") PRF, GCD(PRF,, PRF, )

GCD(PRF,, PRF,-)
=N. (3-4-12)

We can maximize N with respect to M. From this result one can choose N = M-1 since N
should always be less than M. For the case of M = 16 and N = 15, the results are shown in
Figure 3.4.8 and 3.4.9 when applied to the same signal as in the previous example (3-4-7).
Note that Equation (3-4-10) is true for the general multiple PRF system and Equation (3-
4-11) is applicable only when using the QMF filters. Therefore the result of (3-4-12) may
be different if other reconstruction techniques are used.
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(a) Spectrum of the original sequence
400 T T T T T T T

300 -

200 | :

100 :
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(b) Spectrum of the estimated sequence
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300} :
200} i ]

Frequency [rad]

Figure 3.4.8 Frequency domain response for the optimized case (M = 16, N = 15).

(a) Original sequence

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
(b) Estimated sequence

1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6
Time

Figure 3.4.9 Result for the example (magnitude) in the time domain (M=16 and N=15).

3.5 lterative Method

The application of iterative methods based on the Sandberg’s theorem [20] was first
used for evaluating the spectrum of a nonuniformly sampled data by Willy [29]. Willy
used pulses of finite width and conjectured that the interactive recovery procedure will
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converge for the finite width sampling. Marvasti [30] tried to prove that the iterative
method converges for random samples when the samples are chosen from a uniform or a
Poisson distribution. Sandberg proved the convergence of this method [31].

It is shown that if the signal is band-limited and the average sampling rate satisfies the
Nyquist sampling rate, then the signal can be recovered [12, 13] without aliasing. The
method uses an iterative procedure that requires low pass filtering of the unequally spaced
samples followed by resampling at the same points. Again, low pass filtering is applied to
the signal to obtain a corrected signal. Repeated application of this process is shown to
converge to the original signal. The proof of convergence is given in Appendix C. By its
nature, the iterative method is more time consuming than the other methods since it
requires a large number of iterations. Even though the convergence is guaranteed by this
method, the number of iterations can be very large to reach a certain error criteria. Some
effort has been done by Park [24] to increase the rate of convergence by minimizing the
energy term, but in their approach one needs to know the values for the error terms that is
usually not known. Usually a smaller spacing between samples provides a faster
convergence of the sequence.

Starting with the Sandberg theorem, “On the properties of some systems that distort
signals“ [31] Sandberg extended Beurling’s theory of recovery of distorted band-limited
signals in a Hilbert space. He showed that signal recovery can be extended to the case in
which a known square integrable noise is added to the input signal and the result applied
to a time varying device which may be non-linear.

Sandberg’s theorem can be stated as: Let P and Q be the mapping of « into H (Hilbert
space) such that for all f,g ex

Re(Qf -Qg, f —g) = k,f —gf", (3-5-1)
[Paf - Pag| <k, |f -4, (3-5-2)

where k,and k,are positive constants. Then for each h € «, the equation h= PQf
possesses a unique solution

(PQ) 'hex, (3-5-3)
given by
(PQ)"h=limf,, (3-5-4)
where
f :ﬁ(h— PQf, )+ f (3-5-5)
n+1 k2 n n?

and f, is an arbitrary element of x. Furthermore, for all h;,h, € «

| (PQ)*h, ~(PQ)h, Hskilu h,~h, |. (3-5-6)
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The proof is given in Appendix C. The uniqueness of the solution for h = PQz is also

given in Appendix D.
Applying theorem (3-5-6) to the unequally spaced signal, and letting
P = band-limiting operator (Low pass filter),
Q = ideal nonuniform sampling operator the same as in the given nonuniformly
spaced samples,
will transform the expressions in (3-5-4) and (3-5-6) as

limx, (t) = x(t), (3-5-7)

k—0

X1 (1) = APQx(t) + (P = APQ)x, (1), (3-5-8)

where x(t) is the band-limited signal and A is a constant. The constraint between the
coefficient A and data spacing t, are given in Appendix F and is given by

2k

O<A<—, (3-5-9)
k,

k% <k, . (3-5-10)

This iterative method will converge provided if

X2 (8) = xic (©) | < %k ()= x_1(t)]|  forank. (3-5-11)
We have

H P(xy ()= X1 (1) = APQ (xyc (t)— Xy 1 (1)) H <1lx (t)—x g (t) | for 0<r<1. (3-5-12)

The proof of (3-5-12) is given in Appendix E. Note that to minimize r and maximize the

K
rate of convergence, it is required that A = k—l The main problem in choosing a proper A
2

is that it cannot be determined theoretically since k; and k, are not known. A is generally
chosen between 0.5 and 1.
Initial values of the analog signal x(t) can be set to x(tk) with sample and hold, which

would be a good approximation for an arbitrary initial value. To simulate the band-limited
operator Q using the nonuniformly spaced data, the FFT has been used using the

nonuniformly spaced data, which may not yield an exact frequency response but an
approximation to it. The cut off frequency with zero padding has been set to 0.6 7 («
provides an all-pass filter) since the average spacing for our example does not exceed one
half of the Nyquist sampling interval. Finally the inverse FFT is used to get the band-
limited signal. Here, P is the sampling operator which converts the analog signal to the
nonuniformly sampled signal. To simulate P, the Lagrange polynomial interpolation has
been used to represent the function and is evaluated at the nonuniform sampling points.
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One constraint of the iterative method is the sampling points t, cannot exceed the
range of the k-th interval to guarantee convergence [31], that is

| t-T< AT%, (3-5-13)

where T, is the location of the sample points using an average interval, and AT, is the

deviation associated with the k-th interval from the uniform average spacing.
For example, consider the signal of (3-4-7) which is given by

x(t, )=e**™ 4 2752 _ 2 5e*?Md . for k=1, 2, ..., 100,

where t, is the time step satisfying (3-5-13). Let the deviations from the uniform spacing
represent a set of uniformly distributed random numbers bounded by [- T o %] for k =
1,2, ..., 100 and T = 0.03. The ratio of the average sampling rate to the Nyquist sampling
rate is 33-3%. Using (3-5-8) iteratively, the time domain sequence and the

corresponding spectrum can be obtained as shown in Figure 3.5.1. A typical plot of the
iteration number as a function of the error is given in Figure 3.5.2. Theoretically this
method has been shown to converge but the error does not go to zero for the real case.
Here, the error is defined as the normalized difference in the time domain data.

(a) Time sequence

——  Original
6 . Estimated |

-1 -0.8 -06 -04 -0.2 0 0.2 0.4 0.6 0.8 1
Time

(b) Spectrum (magnitude)

300 T T T T T T T

——  Original
Estimated

200

100

-3 -2 -1 0 1 2 3

Figure 3.5.1 Result of the iterative method
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Figure 3.5.2 Reduction of error with iteration.

3.6 Orthogonal Polynomial Expansions

In this approach the unevenly spaced data is approximated by a set of orthogonal
polynomials. Then since the Fourier transform of the orthogonal polynomials are known
analytically one can obtain the spectrum of the unequally spaced data. In this section the
Associated Hermite functions and the Spherical Bessel functions have been utilized to
recover the unevenly spaced signal [32, 33]. The Fourier transforms of the Associated
Hermite functions and the Spherical Bessel functions are the Associated Hermite functions
and the Legendre polynomials, respectively.

The benefit of using orthogonal functions is that they are easy to generate by using
their recursive properties. But this method also depends on the spacing between samples.
Moreover there is no measure of error as to how well it fits the original signal. Even
though the fit looks good in the spatial domain, there is no guarantee that it has better
estimation properties in the frequency domain. It is easily seen that the average spacing
should be much less than the Nyquist sampling rate since the Nyquist rate allows only two
samples (or more) per one period (for the case of a real signal). Next, the formulation in
terms of orthogonal polynomials is presented.

3.6.1 Approximation of unevenly spaced data by the Associate Hermite Polynomials
The associate Hermite functions (h,) and the Hermite functions (H,) are related by

[14]

, (3-6-1)
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where | is a scaling factor and n is the degree of the polynomial. The Hermite
polynomials can be computed recursively through

Ho(t) =1,
H,(t) = 2t, (3-6-2)
Hn(t) = 2tHn—l(t) - 2(” - 1) Hn—2 (t) ;N >2.

Using (3-6-1) and (3-6-2), the associated Hermite functions can be calculated easily
through the recursive relationship

h, (x) = %(ﬁx h o (X)=n—1 h,,(x)); n>2. (3-6-3)

Some of the lower degrees of the associate Hermite polynomials are shown Figure 3.6.1.
Any signal can be expanded by the associate Hermite functions through

0

fx)=2am(x) - i%h (XT) (3-6-4)
where hn(%j = ﬁhn(xi ,|).

Figure 3.6.1 A plot of the associate Hermite functions of different degrees.

Using the following Equations [14],
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e 2H, \/7 J.e Z H,n () cos(ty)dy, (3-6-5-a)
e Hyp (1) f Je " Hopa(y)sinlty)ay. (3-6-5-b)

a Fourier transform relationship by combining Equations (3-6-1) and (3-6-5) is established
as [33]

- gan(—i)n%hn(f 9 (3-6-6)

or equivalently the Fourier Transform pair is

ﬁhn(%j@(—i)”%h{flzj, (3-6-7)

where |, = %ﬁ I is a scale factor. Thus, if we can expand the function f(xj)by an
1
orthogonal polynomial h_, then the Fourier transform of f(xj)can be expressed by
Ji

adding up the terms (—i)”—\/l_ hn(f | ) with the same coefficients. The coefficients
2
2

a, can be calculated from the matrix representation

hl(.XZ) h, Xz) N.XZ) 61.2 - f.XZ) , (3-6-8)

where M is the number of data points. N is the maximum degree of the associated
Hermite functions and h, is the associated Hermite polynomial of degree n. Finally,

f(xj) is the sampled value of the data at x; for j =1, 2, ..., M. The degree of the

Hermite polynomial, N, can be set up to a maximum value which is identical to the
number of data samples M. Here, x; is not limited to evenly spaced samples only but also

covers unevenly spaced samples. The average sampling rate needs to be less than the
maximum signal frequency so that it can approximate f(x) in a smooth fashion.
As an example, consider the signal in (3-4-7)
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f(tk): ez.zmki + 2e73.5-2mki _ 2.5e4>2ﬂtki : for k = 1, 2, - 100’

where t, follows a uniformly distributed random number in the range [-1, 1]. The
average sampling rate is 50 Hz and the scale factor, |,, has been chosen to be 0.2. a,’s

have been obtained using (3-6-8) and the corresponding spectrum can be estimated
through (3-6-6). Figure 3.6.2-(a) is the time domain signal and the interpolated function.
Figure 3.6.2-(b) is the corresponding frequency domain response using the associated
Hermite functions, and the three frequency components can be clearly observed in the
analyzed data.

3.6.2 Approximation by the Legendre Polynomial

The Legendre polynomials are also orthogonal polynomials and their Fourier
transforms are analytically known, which are the spherical Bessel functions. The Legendre
polynomials exist only in the region —1 to 1. A complex function of finite support can be
expanded in terms of these polynomials, as the time domain sequence is finite. The band-
limited Legendre functions can be scaled to any arbitrary range for practical use. The
relationship between the spherical Bessel functions and the orthogonal Legendre
polynomials is given [14]'

["x ey L, (x Jax = (=i)"(27) 2P, (o) ; @® <1 (3-6-9)

2
=0 cw? > 1.

(a) Time sequence
6 T T T
—— Original sequence
Reconstructed sequence

0 L

20

4L

6]

-1 -0.8 -06 -04 -02 0 0.2 0.4 0.6 0.8 1
Time
(b) Estimated spectrum

2.5 T T

2 L
1.5+

l L
0.5

0

Frequency [Hz]

Figure 3.6.2 Fitting of the data by the associate Hermite functions.
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Spherical Bessel functions can be written in terms of the ordinary Bessel functions as:

(2 =179, (2). (3-6-10)
Substituting (3-6-10) into (3-6-9) will yield
f}4m£%¥ij4xmx=PAw);MA31. (3-6-11)
Using the Fourier transform property,
PJx):[izpwa(—mk4de;-—1sx31 (3-6-12)
and by using a scale factor a, one obtains
( ) j2 )'lalj, (-am)e "™ dow ; —a<x<a. (3-6-13)

Different orders of P,(x) and 2(-i) j, (- ) are shown in Figures 3.6.3(a) and (b). For
example, the rectangular function which corresponds to a Legendre function with n=0
whose Fourier transform corresponds to a spherical Bessel function of zero degree which
is the sinc function as shown in Figure 3.6.3(b). Therefore, if we can expand the function
f(x) by using the orthogonal Legendre polynomials P,, then the Fourier transform of f(x)
can be expressed by adding up the spherical Bessel functions with the same orders. Or, if a
signal can be expanded by the spherical Bessel functions then the Fourier transform can be
evaluated using the corresponding sum of Legendre polynomials.

A signal, for example, can be written in terms of an infinite sum of Legendre functions
as

d@:éaa@y (3-6-14)

Multiplying both sides by Pm(xj) and integrating from —oo to oo will give

If( )P )= | 3 Ag P ()P () e

—oon=0

= 5 T AP )Pn(x) dx. (3-6-15)

n=0—co
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Figure 3.6.3 (a) Legendre functions of different degrees and (b) The plot of 2(— i) jn (— a)) for different
degrees

The right hand side will be zero except for m = n since Pm(xj) ’s are orthogonal to each
other and the left hand side of the integral will then be a summation.

Zi: £(x )P (%) = Z AP (x )] (3-6-16)

Therefore the coefficients A, are given by
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NOfIx; )P (X,
A=ZJ¥LLQ, (3-6-17)
j=1 yn
N 2
wherey, = Z(Pn(xj)) . N is the number of data and P, is the Legendre polynomial of
j=1
degree n. Then,

Fl0)=Y A 21"}, (). (3-6-18)

n=0

Note that the Bessel functions are defined only along the positive axis.

Since the transform is limited from —1 to 1 (or —a to a through scaling), the frequency
response would consist of sinc functions which will produce undesired aliasing between
the various frequency components. To obtain a better estimate of the amplitude, the same
technique as in the previous section can be used.

As an example, consider a signal as defined by (3-4-7)

f(tk): e2-27ztki +2e—3.5<27ztki _2'5e4-27ztki , for k — 1’ 2’ " 100’

where t, is generated for a uniformly distributed random number in the range of [-1; 1].
The average sampling rate is 50Hz. A,’s have been obtained using (3-6-17) and the

corresponding spectrum can be estimated from (3-6-18). Figure 3.6.4(a) is a plot of the
time domain signal and the reconstructed signal. Figure 3.6.4(b) is the corresponding
frequency domain response using the spherical Bessel functions. Note that the spherical
Bessel functions only exist for the positive argument and thus the negative frequency in
the signal, 3.5 Hz, cannot be represented in the Figure 3.6.4(b).

3.7 Estimation in terms of the Analog Frequency

One of the techniques of performing a perfect reconstruction of a band-limited signal
from its unevenly sampled data points has been proposed by Jenqg [34, 35, 36]. This
method shows that if the average sampling rate is greater than the half of the maximum
frequency component of the signal, then the signal can be perfectly reconstructed. While
the Lomb periodogram is not affected very much by the sampling rate since it estimates
the amplitude and phase by a Least squares technique, Jeng’s and the QMF methods
produce perfect reconstruction from a theoretical point of view if the average sampling
rate satisfies the Nyquist rate. In comparison to the QMF method, Jenqg’s method does not
need to use a set of filter banks which can cause some errors. Here the spacing between
the data samples cannot be random. That is the deviation from a uniformly sampled data,
denoted by r,,, should be limited in magnitude as in the case of the QMF method. The

nonuniform sampling rate can be expressed as

t =nT+A,, (3-7-1)
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where T is the period of the uniformly sampled signal. A is the periodic sequence with a

period M. Let n = kM + m, where k ranges from —oo to +o0 and m ranges from 0 to
(M-1), then

t,.=kM+m)T+A,
=kMT +mT +r,T, (3-7-2)

where r, :Af% is the timing offset expressed in percentage in terms of the nominal
sampling period T. The digital spectrum for the nonuniform samples is given by

00

X¢(@)= D x(t,) e . (3-7-3)

k=—o0

(a) Time sequence
6 T T T

Original sequence
« Reconstructed sequence

Time

(b) Estimated spectrum

6 \ \ \

51 4
4t i
3L 4
2L 4
1k 4
0 N \ \

0 1 2 3 4 5 6 7 8

Frequency [Hz]

Figure 3.6.4 Example using the Legendre polynomial

Utilizing (3-7-2) will yield

<

0 -1
Xg(@)= > Y x(KMT +mT +r1,T) g teAtMmnrent), (3-7-4)

0

k=—c0

3
I
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Since x(kMT +mT +r,T) = Zir’ X,(Q) MRG0, one obtains
/s

o M-1 w ) -
Xd (0)) = Z ij'_m Xa(Q) eJQ(kMT+mT+TmT)dQ e—Jwt(kMT+mT+rmT)

::_tLTXJQ)[EEWHMW}QQ”W”WHQ, (3-7-5)

k=-00

and the following discrete sequence can be obtained by using the sum of delta functions as

-1

M © )
X, (@) = Z% [x.(@) { > %5(9 —o+ k%ﬂ gl (@)D g0y (3-7-6)
m=0 —o k=—o0

By changing the order of integration and summation, one obtains

X ( )_ Sh i OOX _ k 27 i@-o)mT+,,T)
da)—zz ja(Q)§Q CO‘FWe Q

0 - L2
:i Z M 1xa(a)_k2_ﬂ-j e_JkW(mT”mT)
MT ‘== MT
© M-1 . rle . m2l
NS YRR xa(a)—kz—”]. (3-7-7)
T k=—o0 M m=0 MT
Finally,
18 2
X o)== > Y(KX.|owo—-k—, 3-7-8
(@) T£§](>a( MT] (3-7-8)
L
where Y(k):ﬁ e Me M| (3-7-9)
m=0

(3-7-8) shows the relationship between the discrete spectrum and the analog spectrum. If
we consider the angular frequency between zero to 2 7 then

Xd(a)):% iv(k) X{w—k%). (3-7-10)

To find the analog spectrum X, , one can change the variable k from 0 to M—1. That is,
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Xd(a)+m%)=% S Ak+m) Xa(a)—k—Tj (3-7-11)

or equivalently

[Xs(@)]=[Y] [X.(e)], (3-7-12)
where
X,(0) xo-Z)
X, ()] X(”% | %(oFee] |
_Xd(aﬁ(M —1)2—7-[rj_ _Xa(a)—$+(M —1)%)_
(3 o) )
vl=| ¥ (MZ:H] Y (%j ) Y (_%Hj . (3-7-13)

By taking the inverse of the M by M matrix Y and multiplying it by X, one can get the
analog frequencies X, .
To illustrate the applicability for the multiple PRF system, we take the signal of (3-1-

2),i.e.,
f(Xk): e2-27szi + 2e—3.5.27z>(ki _2'5e4.27zxki; for k = 1’ 2’ " 128.

The signal is sampled at two different frequencies simultaneously. The two sampling
frequencies are PRF,=6.25Hz, PRF,=9.375Hz. This is equivalent to sampling by 2Hz
and 3Hz except for the scaling in frequency. PRF, has 2 samples in a record of
0.32seconds, PRF, has 3 samples in 0.32seconds and this repeats every 0.32 seconds.

This will occur every 0.32seconds and the total number of samples, M, is obtained by
adding up the samples for all the PRFs. Since the last sample in the record of 0.32
seconds is also the starting sample for the next time interval, M will be given by M =
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PRF, + PRF, — 1, if the PRFs are relative prime numbers. The matrix Y can be computed
from (3-7-9) and (3-7-13) and is used to obtain X d(a)) The result of this approach is

compared to that of the DFT of the evenly spaced data as shown in Figure 3.7.1 and 3.7.2.
Figure 3.7.3 is the DFT of the unevenly spaced signal. It is seen that the weak signal
cannot be distinguished in Figure 3.7.3 but can be discerned quite easily in Figure 3.7.2.

25
201
15}
10}
5L
0 . . . o
5 -4 -3 2 -1 0 1 2 3 4 5
Frequency [Hz]
Figure 3.7.1 DFT of the uniformly spaced signal.
25 . . . : : : : . .
201
15}
10}
5L
0 . . . .
5 -4 -3 -2 -1 0 1 2 3 4 5
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Figure 3.7.2 Spectrum of the nonuniformly sampled signal after processing

58



25

20

15

10+

-5 -4 -3 -2 -1 0 1 2 3 4 5
Frequency [Hz]

Figure 3.7.3 DFT of the nonuniformly spaced data.

3.8 Comparison of the Various Methods

The performance of all the methods described so far is now compared with each other
in this section. Since for every method presented, there is a problem of some sort
associated with each technique, it is difficult to compare the results from all the
approaches directly. Usually, the polynomial type methods as described in section 3.1 and
section 3.6 do not depend much on the number of data samples. Rather they fit the data
well with a less number of points because the degree of the polynomial becomes large and
the error associated with the approximation of the data may become great due to
numerical instabilities. The other methods perform better as the number of data samples
increases. The QMF method (section 3.4) needs more than a few hundred data points to
result in a meaningful estimation. The use of orthogonal polynomials and the iterative
method need to have a small sampling interval while the Least squares approach (of
section 3.3) is not much affected by the average sampling rate. We divide all the examples
into three parts. We consider the following three cases, (1) in this case, the sampling
frequency is much greater than the highest frequency of the signal, (2) the sampling
frequency is equal to the highest frequency of the signal and finally, (3) the sampling
frequency is much lower than the highest frequency of the signal in which case aliasing
may occur. Note that the sampling frequency defined in this context to recover the original
complex signal is equal to the maximum frequency of the signal. It is not related to the
conventional Nyquist sampling frequency. For each case, the results computed by the
various methods are compared. To illustrate the accuracy and the stability of the
techniques, ground clutter has been added in addition to white Gaussian noise and the final
result is compared with that from the conventional CR theorem. For all the examples, we
considered a 2 PRF system using 7Hz and 8Hz as the two sampling frequencies. The
average sampling frequency is 14Hz since it has 14 samples within one time step.
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According to (2-10), the maximum resolvable Doppler frequency is increased to 8 times
as compared to the case of a single PRF system of 7Hz. The number of sampling points
used by each method is also presented.

3.8.1 Case 1: fg > fax

As mentioned in the previous sections, the polynomial interpolation method, iterative
method and orthogonal expansion method yield better estimation for the spectrum when
the sampling frequency becomes much higher than the Nyquist frequency. These
approaches usually provide a meaningful result when the average sampling rate is at least
4 times that of the maximum frequency of the signal. In the numerical example, the
sampling frequency has been chosen to be 4 times that of the maximum signal frequency.
For the first example, we examine a single frequency signal of magnitude 10.

Example 1: Single frequency f, =4f__

The average sampling rate is 14Hz and the signal frequency is 3.5Hz. The non-uniformly
spaced samples repeat every 14th sample and a total of 100 sampling points are taken so
that

f(x,)=10e*"* with k=1,2,...,N. N= number of samples = 100.

The nonuniformly sampled time domain signal and the DFT of the original signal are
shown in Figure 3.8.1(a) and (b). The frequency response has a peak at the signal
frequency component, which is the 25" cell out of 100 cells. All the eight methods have
been simulated and the results are given in Table 3.8.1. The error in the time domain has
been computed by using the normalized average of the differences. The estimate of the

signal is f(xk) and the error in the approximation of the function is defined by

N .
1 Y| flxi)- Fxg) ‘
1z
N

max( | (X )] j

Errorl = (3-8-1)

The estimate of the error in the frequency domain is given in Table 3.8.1. It is computed
by taking the differences between the maximum of the computed frequency response and
the signal frequency indicated in the last column of Table 8.3.1 and is expressed by

A

Error2 = ‘f—;f , (3-8-2)

where f is the target frequency and f is the estimated frequency. f is the frequency at

which the maximum value of the frequency response is obtained.
Note that the frequency domain error term is the difference between the computed
spectrum of the time domain data and the actual frequency response. For the method
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based on the CR theorem, we took 53 and 48 sample points for each sampling frequency.
Observe that the peaks in the spectrum occurred at the 23 and 24™ cell since the sampling
frequency of 8Hz and 7Hz will yield the cell number 23 (~3.5-53/8) and 24
(= 3.5-48/7) for a target frequency of 3.5. Even though the time domain estimation is
not very good, acceptable estimates for the target Doppler can be obtained for all the
methods. In this example, all the methods provided acceptable estimates for the spectrum.

(a) Time domain sgnal
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(b) FFT of the original signal(abs part)
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Figure 3.8.1 Sample signal for Example 1

Table 3.8.1 Summary of the results for Example 1. 1‘S =4 fmax with single frequency.

Errorl Error2 Number | Target cell

Methods (time domain) (frequency domain) of data number
Lagrange polynomial 0.3077 0.0000 44 11
Cauchy’s method 0.9267 0.0000 44 11

CR theorem - 0.0000 48, 53 24,23

Least squares method - 0.0000 100 25
QMF method 0.2135 0.0000 100 25
Iterative method 0.3294 0.0000 100 25
Orthogonal polynomial approach 2.6992E-4 0.0000 100 25
Analog frequency approach - 0.0000 100 25

Example 2: A Single frequency with noise

The same signal as in Example 1 has been considered and additive white Gaussian noise
(AWGN) has been added. The model for the noise signal is described by
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Prose// [N (02) +iN (0], (3-8-3)

Noise =

where P, . is the noise power and N(0,1) follows a normal distribution with unit variance

and zero mean. The signal model is defined by
f(x, ) =10e*"**% 4 Noise .

Table 3.8.2 presents the probability of detection for each method as a function of the
power associated with the noise process. We assume that a target has been detected when
the computed spectrum has a peak which corresponds to the appropriate cell number for
the target. Total number of trials for each method used to compute the probability of
detection is 100. With an increase in SNR, the probability of detection increases as
expected.

Table 3.8.2 Result of Example 2. fs =4 fmax with a single frequency and additive AWGN
Probability of detection
Number | Target cell number
Methods SNR [dB] of data
0 5 10 15 20 25

Lagrange polynomial 0.97 1.00 1.00 1.00 1.00 1.00 44 11
Cauchy’s method 0.18 0.27 0.58 0.70 0.99 1.00 44 11

CR theorem 1.00 1.00 1.00 1.00 1.001.00 48,53 24, 23
Least squares method 1.00 1.00 1.00 1.00 1.00 1.00 100 25
QMF method 1.00 1.00 1.00 1.00 1.00 1.00 100 25
Iterative method 1.00 1.00 1.00 1.00 1.00 1.00 100 25
Orthogonal polynomial approach | 0.00 0.00 0.00 0.00 0.000.00 100 25
Analog frequency approach 1.00 1.00 1.00 1.00 1.00 1.00 100 25

Example 3: Multiple frequency signals and f, =4f

In this example, the signal has 5 frequency components
f (Xk ) _ :l_()ezzzi.o.aﬁxk + 862ﬂi'1'05Xk + gezﬂi.uxk " Zezﬂilz_gxk N 682’ﬂ'3'5Xk

We assumed that the last component, 6e>**** s the signal of interest (SOI) and the other

components are interference. The frequency scanning is performed from 2Hz to 15Hz
(equivalent from 14™ to 100™ cell in the frequency domain response) since the major
interfering signals are located below 2Hz. The time domain signal and the corresponding
frequency domain response are shown in Figure 3.8.2. Table 3.8.3 is the result of the
simulations. The CR theorem approach has been deleted from the Table since it can only
deal with a signal having a single frequency component. The highest degree of polynomial
for the Cauchy’s method and for the Lagrange polynomial technique has been a bit higher
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than in Example 1 since for Example 2 the signal has a stronger low frequency component
than in Example 1.

Example 4: Multiple frequency signal with noise
For this example, the signal has five frequency components and is given by

f (Xk ) — 1002703 | ga2At05x 4 ga2alax | 9a2128% | Ea2735% | noise

The noise model is the same as in (3-8-3) and the SOI is the same as in Example 3. The
results are presented in Table 3.8.4 using 100 trials. Except for the Cauchy’s method, all
the other methods provided acceptable results for different values of the SNR. Because
Cauchy’s method provides a fit to the data through the use of rational polynomials, it
cannot precisely fit the noisy data that changes rapidly with time.

(a) Time domain sgnal
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Figure 3.8.2 Sample signal for Example 3

Table 3.8.3 Summary of the results for Example 3. f, =4f__ with 5 signal components

Errorl Error2 Number of | Target cell
Methods (time domain) | (frequency domain) data number

Lagrange polynomial 0.0454 0.0000 44 11
Cauchy’s method 0.0755 0.0000 44 11
L east squares method - 0.0000 100 25
QMF method 0.0785 0.0000 100 25
Iterative method 0.0626 0.0000 100 25
Orthogonal polynomial approach 7.1196E-5 0.0000 100 25
Analog frequency approach - 0.0000 100 25
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Table 3.8.4 Summary of results for Example 4. f. =4f__ with 5 signal components and AWGN

Probability of detection
Number of Target cell
Methods SNR [dB] data number
0 5 10 15 20 25

Lagrange polynomial 0.97 1.00 1.00 1.00 1.00 1.00 44 11
Cauchy’s method 0.62 0.75 0.83 0.90 0.80 0.88 44 11
L east squares method 1.00 1.00 1.00 1.00 1.00 1.00 100 25
QMF method 1.00 1.00 1.00 1.00 1.00 1.00 100 25
Iterative method 1.00 1.00 1.00 1.00 1.00 1.00 100 25
Orthogonal polynomial approach | 0.00 0.00 0.00 0.00 0.000.00 100 25
Analog frequency approach 1.00 1.00 1.00 1.00 1.00 1.00 100 25

In summary, when the sampling frequency is high compared to the highest frequency
content of the signal, most of the methods presented in this report can be applied to
estimate the spectrum of a nonuniformly sampled data sequence. But this case is of little
use to the radar community since the maximum resolvable Doppler frequency is not very
large as seen from (2-10). In the next case we will increase the signal frequencies (or
decrease the average sampling rate) and will observe which approach has a better
performance.

382 Case2: f,=2f__

When the sampling frequency equals twice the value of the maximum signal
frequency, all polynomial methods approximating the time domain samples cannot be
used since they need smaller sampling periods. Moreover, the results of the QMF method
is only valid for the case when the average sampling rate is higher than the Nyquist
sampling rate and its results will degrade in accuracy if it is less than or equal to the
Nyquist sampling rate. Only three methods, the Least squares method, the CR theorem
method and the analog frequency approach can be used for this particular case. In this
example, the other conditions are the same as in case 1 except for the value of the signal
frequency.

Example 5:

The signal used in this case is given by f(x, )=10e*"" and the results are given in

Table 3.8.5. All the three methods yield good results. (3-8-1) and (3-8-2) has been used
to get the error estimate.

Table 3.8.5 Summary of the results for Example 5. fS =2 fmax with a single frequency

Errorl Error2 Number of Target cell
Methods (time domain) | (frequency domain) data number
CR theorem - 0.0000 48, 53 0,46
Least squares method - 0.0000 100 50
Analog frequency approach - 0.0000 100 50
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Example 6: In this case, the signal is given by f(x, )=10e*""* + Noise and the noise is

computed using (3-8-3). The results are given in Table 3.8.6. All three methods yield
good results.

Table 3.8.6 Summary of the results for Example 6. f5 =2 fmax with a single frequency and AWGN

Probability of detection
Number of data Target cell
Methods SNR [dB] number
0 5 10 15 20 25
CR theorem 1.00 1.00 1.00 1.00 1.001.00 48,53 0,46
Least squares method 1.00 1.00 1.00 1.00 1.001.00 100 50
Analog frequency approach | 1.00 1.00 1.00 1.00 1.00 1.00 100 50

Example 7: In this case the signal is of the form
f (Xk ) — 10e2707% | 221X | gg2r28x | 9a27i86x | g 277X

and the results are given in Table 3.8.7. The clustering algorithm was not used in this
example when using the method based on the CR theorem since there are many frequency
components, and therefore only the Least squares and the analog frequency approach can
provide acceptable results.

Table 3.8.7 Summary of results for Example 7. f_ =2f__ with five signal frequencies

Errorl Error2 Number of Target cell
Methods (time domain) (frequency domain) data number
Least squares method - 0.0000 100 50
Analog frequency approach - 0.0000 100 50

Example 8: In this example, the signal plus noise is described by
.I: (Xk ) — 10e27zi~0.7xk + 8e271i~2.1xk + 9e27z1'»2.8xk + 2e271i~5.6xk + 6e271i~7xk + Nolse

and the results are given in Table 3.8.8. The clustering algorithm was not used for the
method based on the CR theorem as in this example there are many signals at different
frequencies, and therefore only the Least squares method and the analog frequency
approach yield good results.

Example 9: Multiple signal frequencies with added noise and ground clutter

In this case, the signal has 5 frequency components along with additive Gaussian noise
and ground clutter.

f (Xk ) — 10e271'i-0.35xk + 8eZizi~l.05Xk + 96271'i-1.4xk + 2627z1'-2.BXk + 6e27zi~3.5xk + no'se + C|Utter.
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Table 3.8.8 Summary of results for Example 8. f, =2f__ with 5 signal frequencies and AWGN

Probability of detection
Number of data Target cell
Methods SNR [dB] number
0 5 10 15 20 25
Least squares method 0.97 1.00 1.00 1.00 1.00 1.00 100 50
Analog frequency approach 1.00 1.00 1.00 1.00 1.00 1.00 100 50
The clutter model is given by
C(w)=2000 e O (3-8-4)

and the corresponding frequency spectrum is shown in Figure 3.8.3. The noise model is
the same as in (3-8-3) and the SOI is the same as in Example 3. The results are given in
Table 3.8.5 by using 100 trials. The frequency is scanned from 2Hz to 7.5Hz (equivalent
from 14" to 50" cell in the frequency domain response) since the major portion of the
interference and the ground clutter is located below 2Hz. The simulation result is given in
Table 3.8.9.

(a) Ground clutter model in the frequency domain
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1000 4
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(b) Received signal model in the frequency domain
2000 T T T T T T T T =
« Interference
1500 | -
1000} Interference i
500 L Interferen/(;e_J\i Target |
0 10 20 30 40 50 60 70 80

Frequency

Figure 3.8.3 Model for a ground clutter (evenly sampled data)

Table 3.8.9 Summary of the results for Example 9. 1‘S =2 fmax with 5 signal frequencies along with
AWGN and ground clutter.

Probability of detection
Number of data Target cell
Methods SNR [dB] number
0 5 10 15 20 25
Least squares method 1.00 1.00 1.00 1.00 1.00 1.00 100 50
Analog frequency approach | 1.00 1.00 1.00 1.00 1.00 1.00 100 50
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In summary, when the sampling frequency is the same as the Nyquist sampling rate of a
real signal, only three methods can be applied to evaluate the spectrum of a nonuniformly
sampled data. In this case, it is possible to achieve a higher resolution as illustrated in (3-
4-12). By using the three methods illustrated in this case, 10-20 times performance
enhancement in terms of the maximum resolvable Doppler can easily be obtained. As
mentioned earlier, the method based on the CR theorem cannot be used if multiple signals
exist or if there is ground clutter. In the next example, we will further increase the number
of signal frequencies and will observe which approach has a better performance.

3.8.3 Case 3: fg <fax

When the average sampling frequency is less than the maximum signal frequency, only
the Least squares method and the clustering algorithm can be used. All other conditions
remain the same as in case 1 and 2 except for the signal frequency.

Example 10: For this example f, =% f..x Witha single signal frequency.

The data is given by

f(x, ) = 1062+
and the results are given in Table 3.8.10. All the three methods yield good results. Here,
(3-8-1) and (3-8-2) have been used to obtain an estimate of the error in the time and

frequency domain. Note that the error in the clustering algorithm is due to the FFT of the
data samples, which do not match exactly to the signal frequency.

1
Table 3.8.10 Summary of results for Example 10. f, = 3 f..x With a single frequency

Errorl Error2 Number of Target cell
Methods (time domain) (frequency domain) data number
CR theorem - 4.4881E-4 48, 53 0,13
L east squares method - 0.0000 100 300

Example 11: In this case, f(x,)=10e*"** + Noise and the noise are given by (3-8-3).
The results are given in Table 3.8.11. Both methods yield good results.

1
Table 3.8.11 Summary of the results for Example 11. f, = 3 fax With a single frequency and

AWGN
Probability of detection
Number of data Target cell
Methods SNR [dB] number
0 5 10 15 20 25
CR theorem 1.00 1.00 1.00 1.00 1.00 1.00 48+53 0,13
L east squares method 1.00 1.00 1.00 1.00 1.00 1.00 100 300
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Example 12: In this case, the signal is of the form
f(Xk ) = 10627z1'»4.2xk + 8e27zi~12,6><k + 962;zi16.8xk + 262,,1133.6)(k + 662”1-‘42)(‘(

and only the Least squares method can be used. The results are given in Table 3.8.12,

1
Table 3.8.12 Summary of the results for Example 12. f, = § f.x With 5 signal frequencies.

Errorl Error2 Number of Target cell
Methods (time domain) | (frequency domain) data number
L east squares method - 0.0000 100 300

Example 13: The signal is given by
f (Xk ) _ 1062;;1‘»4.2xk n 8e2;ri-12.6xk n gez;zi-le.axk n 2e27zi-33.6xk n 662m-42xk + Noise

and the noise is characterized as in (3-8-3) and the SOI is same as in Example 3. The
results from 100 trials are described in Table 3.8.13.

1
Table 3.8.13 Summary of the results for Example 13. f, = 3 fax With signal frequencies and

AWGN.
Probability of detection
Number of data Target cell
Methods SNR [dB] number
0 5 10 15 20 25
Least squares method 0.81 0.97 1.00 1.00 1.001.00 100 300

Example 14: The signal has 5 frequency components including Gaussian noise and
ground clutter has been added so that

f(Xk ) — 1Oe27zi~4.2xk +8e27z1'»12.6xk + 9e27zi~16.8xk + 2e27zi~33.6xk + 6e27zi~42xk + HOISG + Clutter

The noise and the ground clutter are the same as described by (3-8-3) and (3-8-4) and
other conditions are similar to the previous example. The simulation result is given in
Table 3.8.14.

In summary, when the sampling frequency is much less than the highest frequency of
the signal, only the Least squares method and the CR theorem approach can be applied to
compute the spectrum of a nonuniformly sampled data sequence. In the presence of
ground clutter only the Least squares method can be used. The performance enhancement
in terms of the maximum resolvable Doppler frequency is given by (2-11, 2-14).
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1
Table 3.8.14 Summary of the results for Example 14. f5 = § fmax with 5 signal frequencies with

added AWGN and ground clutter added.

Probability of detection
Number of Target cell
Methods SNR [dB] data number
0 5 10 15 20 25
Least squares method 0.75 0.80 0.99 1.00 1.001.00 100 300

3.8.4 Comparison between the Least Squares Method and the FFT

From the results of the previous section, when the Doppler increment due to a multiple
PRF system needs to be large, that is the maximum Doppler exceeds the average sampling
rate, only the clustering algorithm based on the CR theorem and the Least squares method
can be used. The results from both of the methods are compared in terms of stability to
noise in this section. The quality of performance depends on specific situations. We
consider a test signal which is located at 10kHz with unit amplitude sampled by 4 PRFs of
1kHz, 1.35kHz, 1.6kHz and 1.7kHz. Gaussian white noise having real and imaginary
components with equal power density has been added to the signal as in equation (3.8.3).
The signal has also been sequentially sampled at 32 sampling points by using all the PRFs.
We assume that an error occurred if the amplitude of the sidelobe is larger in magnitude
than that of the actual the signal. The result shows that the Least squares approach
outperformed the method based on the CR theorem and the FFT method. Figure 3.8.4 is a
plot of the increase in the noise power versus the probability of false alarm for both the
methods and an error occurs when the maximum does not occur at the real signal
frequency. 1000 simulations have been carried out to get the estimate of the probability
density function. Around —2.5 dB of SNR, the CR theorem starts to fail and around -5 dB
of SNR, the Least squares method starts to fail. Note that only one false alarm of any of
the 4 PRF may lead to a failure of the method based on the CR theorem (clustering
algorithm) method. Therefore the Least squares method outperformed the method based
on the CR theorem by 2.5dB of SNR. If we consider a 5 or 6 PRF system, the Least
squares method will provide better results than the method based on the CR theorem.

3.8.5 Operation Count

The speed of computation associated with each algorithm is also an important factor.
To obtain a response at a single frequency cell, a FFT based method needs logN
multiplications where N is the number of data samples. Table 3.8.15 shows the operation
count for each method. A filtering operation needs 2 FFT and one vector multiplication
and requires 2NlogN + N computation for the evaluation of the frequency domain
response. A matrix inversion needs of the order of N°® operations and the Hilbert
transform needs 2NlogN + N operations to evaluate the frequency spectrum. The method
based on the CR theorem is the fastest algorithm and the Least squares method is also
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within an acceptable range. The other techniques require O(N?®) operations and hence the
computational complexity becomes large when N becomes a large number.

PR
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Solid line : Least square method

16 Dashed line : FFT by 4 PRFs
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Figure 3.8.4 Comparison of the results between the Least squares method and the method based on the CR
theorem and FFT. A false alarm occurs when the sidelobe level is greater than the mainlobe. As SNR
decreases the Least squares method outperforms the FFT method by about 2.5 dB.

Table 3.8.15 Operation count of each method.

Operation count From equation
Methods
Lagrange polynomial O(N?®) (3-1-1), FFT
Cauchy’s method O(N?®) Singular value decomposition,
CR theorem O(N log N) (3-2-28), FFT
Least squares method O(N?) (3-3-17), Hilbert transform
QMF method O(N?®) Matrix inversion, filtering
Iterative method O(N*) x Number of iterations (3-5-8), (3-1-1), filtering
Orthogonal polynomial approach O(N?®) (3-6-8), Matrix inversion
Analog frequency approach O(N?®) (3-7-6), Matrix inversion

CHAPTER 4: CONCLUSIONS

This report addresses the problem of estimating the spectrum from a set of
nonuniformly spaced data for applications in a multiple PRF radar system. The benefits of
using a direct spectrum analysis to a set of nonuniformly spaced data instead of using a
FFT applied to the method based on the CR theorem has been outlined. The direct
spectrum analysis can detect multiple targets quite easily in the presence of the ground
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clutter as this is the only method that can handle signals embedded in interferences which
are of similar strengths as the target.

To obtain the spectrum from nonuniformly sampled data various methods have been
studied and compared with each other. The presented methods are:

Polynomial interpolation (Lagrange and Cauchy type)

Chinese remainder (CR) theorem along with a clustering algorithm

Least squares curve fitting of a nonuniformly spaced complex sequence
Multi-resolution analysis (QMF analysis)

Iterative method

Orthogonal polynomial expansion (Legendre and Hermite polynomials)

Estimation of the analog frequency

The numerical simulations have been performed in terms of different frequency
components of the signal for each method. When the frequency of the signal is smaller
than the sampling frequency, most of the methods presented including the interpolation
methods yield acceptable results. As the frequencies in the signal come close to the
sampling frequency, most of the time domain interpolating techniques fails. The Least
squares method, the method based on the CR theorem and the analog frequency technique
can successfully analyze signals which are close to the sampling frequency. If the signal
frequency is higher than the average sampling rate, only the Least squares method and the
method based on the CR theorem approach can be used for the analysis of the data. If
there exists ground clutter along with multiple signals, only the Least squares method can
be used to analyze the nonuniformly spaced signal.

Except for the time domain interpolation technique, the polynomial interpolation
method and the orthogonal polynomial expansion method, all other methods are quite
robust to AWGN type of noise.

Table 4.1 summarizes the characteristics of all the methods. Here, the number of time
domain data equals N. The number of frequency domain samples is also equal to N. The
number of PRF equals P and all the PRFs are considered to be relatively prime numbers
for simplicity. Performance enhancement is given in terms of equation (1-4) when
compared to a single PRF system. The third and forth columns in Table 4.1 represent
whether a given method can detect a target successfully in the presence of interferences
and/or ground clutter.

The following areas of research may be of interest in pursuing in the future. They are
listed as follows:

e Combination of the various algorithms presented in this report for enhancing the

estimation of the Doppler frequency.

e Extension of the evaluation of the spectrum in the two-dimensional Doppler and

Range domain by using nonuniformly sampled data.

e Use of an adaptive filter algorithm

e Simulation using real data from a practical radar system which often encounters

non- stationary or non-homogeneous environments.
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TABLE 4.1 SUMMARY OF THE CHARACTERISTIC OF EACH METHOD

Method Operation Performance Multiple Burst in the
count enhancement interferences | clutter band
Polynomial interpolation O(N 3) > PRF; Yes Yes
method < BPRE..
ref
Least square method O(N?) I.cm.(PRF;) Yes Yes
PRF et
QMF method O(N?) > PRF; Yes Yes
PRF ¢t
Orthogonal Expansion O(N 3) > PRF; Yes Yes
< _—
8PRF ¢
Analog frequency method O(N?®) > PRF; Yes Yes
PRF ¢t
CR theorem O(N log N) l.cm.(PRF;) No No
PRF et
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Appendix A: The Sampling theorem for a randomly sampled
data

If the sampling of the data were to be completely random, and a Poisson process, then
the spectrum would be completely free from aliasing. This can be shown from the
development of the Fourier transform as applied to a uniformly spaced discrete sequence.
Consider a uniformly sampled signal x(nT) as

0

x(nT)=x(t)> s(t-nT), (A-1)

Then its Fourier transform is given by

X ()= Tx(nT) el dt = ix(nT) gl (A-2)

N=—o0

The Fourier transform is periodic since

X(a)+?j= ) e T2 ST e - (eT) e = X (o).

(A-3)
For the case of the nonuniformly sampled data, the Fourier transform will be defined from

X ()= jx(tn) e Mt = D x(t,) et (A-4)
Here, X(w) is periodic only when the exponential part of X (w) is periodic as shown in
the uniformly sampled case. That is, e! =e!*2? should hold for all t,. If the time
steps are not deterministic quantities then the probability of t ;and t,; having the same

time increments, 2—”, as for the uniformly sampled case, for the entire time duration of the
w

signal will be zero. Therefore X (w) is not periodic in @ and x(t) does not need to be a
band-limited sequence that leads to an alias free condition.
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Appendix B: Matrix Pencil Method (MPM)

MPM is a method to fit a uniformly spaced data sequence by a sum of complex
exponential. Sarkar and Hua [7, 8] described in details this method. It is summarized here

for completeness. The sampled signal x(kTs) is to be modeled by a sum of complex
exponentials, i.e.,

M M
X(kT,) = 2 Re™™ =3 Rz, (B-1)
i=1 i=1
where R, = Residues or complex amplitudes,
S, =—a; + Jo,,
a, = Damping factors,
@, = Angular frequencies,

Si Ts

es =z fori=1,2,...,M.
The objective is to find the best estimates of M, R, and z, from x(kTs).

We can define matrices [Yl] and [Yz] as follows (Assume we have N sampled data
points):

x(0) x(1) x(L-1)
- x@ xQ) x(L)
X(N—.L—l) X(N._ I—) X(N—Z) (N=L)xL
_ ZM:RI iRiZi . iRiziL_l_
_ i Rz, ZMlj Rz ZM; Riz," , (B-2)
ZM:R|Z|N_L_1 ZM:RiZIN_L ZM:RIZIN—Z
= =1 i=1 J(N-L)xL
x(1) x(2) x(L)
[Y ]= x(2 x(.3) X( L.+ 1)
X(N.— L) X(N—'L"'l) X(N -1) (N-L)xL
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M M
zRiZi ZRiZiZ ZR'Z'L
;le il?/ll l\i/I:l
= ZRiZiZ ZRif ZRiZiL+1 (B-3)
i=1 i=1 i=1 ’
ZM:R 7 N-L iR'Z.N—L-ﬂ iR z Nt
A= =g = S(N-L)xL

where L is called the pencil parameter. L is chosen in between N/3 to N/2 for efficient
noise filtering [7].

Since we do not know how many frequency components exist in the signal, the number
of estimated frequencies M should be determined using some criteria. Typically the
singular values beyond M are set equal to zero. The way M is chosen is as follows [8].

Consider the singular value o, such that
Uc ~ 10—P , (B_4)

max

O

where p is the number of significant decimal digits in the data. One can write

[v.]=[z.JRr][Z.]. (B-5)
Iv,]=[z.]R][z,].]. (B-6)
1 1 1
2] © T , (8-7)
Z:EN_L_D ZéN—L—l) Z$v|N—L—l) (N
1z 2\
L—l)
)=t 2 o ET ©8)
Lzy - Z(Nll__l) MxL
[2,]=diag[z,,2,,-+,2,, ], (B-9)
[R,] = diag[R,, R, -+, Ry |- (B-10)

Consider the matrix pencil
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AR ARG Al Con

Therefore A=z, fori =1, 2, ..., M would be the exponentials determined from the
generalized eigenvalue problem,

[Y.]-2 [v,]. (B-12)
It can be shown that this is the same as solving the ordinary eigenvalue problem

AN (B-13)

where [Yf] is the Moore-Penrose pseudoinverse of [Yl] which is defined by

SRR N (B-14)

Once A =z, are known, the residues R are solved for from the following least square
problem

x(0) 1 1 1 TR,
S S Rf . (B-15)
X( N.—l) zl“;‘l zz“;‘1 z{i‘l R.M
The frequency component is computed from
@, = Im[In(z, ] (B-16)
and the magnitude A, for a single frequency «; is evaluated from
Aje J®i = Rje=*it1®i 2 Ri[- Re (z;)]. (B-17)
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Appendix C: Proof of (3-5-6)

Let A= PQ and note that

Re(Af —Ag, f - g) = Re(Qf - Qg, Pf — Pg) = Re(Qf -Qg, f - g):z lef — gHZ (C-1)

forall f,g ex since P is self-adjoint operator.

The equation H = Af is equivalentto f = Af , Where Af=ch+f—cAf and ¢ is

any nonzero constant. The following calculation shows that Aisa mapping from « into

K. Itisacontraction when ¢ = kl(kz)_l:

|at- Ag”z _[[f —g—cAf +cAg] = —glf —2cRe(Af — Ag, f —g) +c?|Af - Ag[]

<(1-2¢ck, + %k, )|f — g, c>0. (C-2)

So k,* <k,,when (1-2ck, +c’k,) >0 forall ¢>0.

-~ - 2 2
HAf—AgZS(l—%j”f—g”z,0$[1—%J<1. (C-3)

The Schwartz inequality shows that the last equation can be stated as
[t - Ag|-| - ol = |(Af - Ag, f —g)= k[t g (C-4)
Thus
At - Agl=k,]f - . (C-5)
With f = A*h, and g = Ah,,

I, —h, =k JAh, — Ah,|. (C-6)
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Appendix D: Proof of Uniqueness of the Solution

Let f,g ex and let Q be a mapping of k into H such that (Qf -Qg, f - g) vanishes
only if f =g. Then if the equation h = PQz has a solution z e, it is unique.
Proof: Assume that PQz, = PQz, where z,,z, ex. Since P is a self-adjoint operator,

(Qz, -Qz,,2, -2,) =(Qz, - Qz,, Pz, - Pz,) = (PQz, - PQz,,2, - 7,) = 0. (D-1)

Hence z, = z,.

Appendix E: Proof of (3-5-12)

The left-hand side of (3-5-12) can be written as

[P[x () = %, (0]~ 2PQx, (1) = x, O] =[x, (0 = x L (O] +22|PQ]x, () = %, ®]]
= 20 P[x, () = %, (O]PQ[x, (1) = x,, (1)t . (E-1)

We want to show that there exist positive real numbers k, and k, such that

j P(Xk (t) - Xk—l(t))PQ(Xk (t) - Xk—l(t))dt > k1||xk (t) - Xk—l(t)”Z (E'Z)

and

[PQ(x, (6) =%, (®)] < ks Jx (0= x L (0] (E-3)

To prove (E-2), we first note that
_[ P(Xk (t) - Xk—l(t))PQ(Xk (t) - Xk—l(t))dt = I(Xk (t) - Xk—l(t))Q(Xk (t) - Xk—l(t))dt ’ (E'4)

because

Since the operator P is self-adjoint (i.e., j( Px)ydt = I x( Py)dt ), (E-4) can be rewritten as

I P(Xk (t) - Xk—l(t))PQ(Xk (t) - Xk—l(t))dt = Z[Xk (ti ) - Xk—l(ti )]2 : (E'S)
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For a band limited signal x(t) one can find positive numbers A and B which satisfy

Z Xz(ti)
<— < -6
hoF =" R
Therefore
J P(x ()= 2 (0)PQUx, (1) = X, (D)t = Al (8) =X,y (1) (E-7)
and Kk, =A exist.
To prove (E-3), one can write
HPQ(Xk(t)_ Xk—l(t) H2 = J PQ X (1) - Xk—l(t))Z(Xk(t) Xeaa )S(t t; )dt
= Zj PQ(x, (£) = X,y (1))(x¢ (t) = X, (1) )(t t; )alt
= Z[PQ — Xy 1( ))]‘ = ti(xk(ti ) - Xk—l(ti ))
% %
[z\x x| | Zleex 0 -x .01
< Bka — X, (t H-”PQ(xk(t) -~ xk_l(t))H. (E-8)
We have
[PQ(x, (8) = x4 ()] < Blx, () — x,.,(¢)] . (E-9)
Therefore k,=B exist. From (E-1)-(E-3), we get
[P[%, ()= %, (0] - 2PQ[x, ()~ x, L O] < vl (O -x O  (E-10)
and
r=1+1°k, -2 k,. (E-11)

In order to satisfy (3-5-12), r has to be in the region 0<r <1. Given a particular k, and
k,, A has to fall within the following region of convergence for the iterative relationship
given in (3-5-8) to hold.

2k,

O< A<t (E-12)
K,

k2 <k,. (E-13)
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LIST OF PRINCIPLE SYMBOLS

c speed of light, ¢ = 3-10° m/sec

At round trip transmit time of the wave transmitted and reflected back to the

origin

f, frequency of the transmitted signal

[ e maximum range without any ambiguity

Vo maximum Doppler velocity without any ambiguity

frax maximum Doppler frequency

Ao wavelength corresponding to the carrier frequency of the radar

a(t) envelope of the signal
carrier frequency

FC
P(t)  phase function

v target moving at speed

a scale factor controlled by the Doppler effects
F, Doppler velocity of the target

T, width of the pulse in a period

T period of the base-band pulse

Alt,e) complex ambiguity function of g(t)
g(t,a) received signal
PRF,  i-th pulse repetition frequency

ID maximum Doppler increment

IR maximum range increment

PRF, pulse repetition frequency for comparison to single PRF system
l.c.m Least common multiplier

g.c.d greatest common divisor

X, sampling points

f(xk) value of the signal at x,

f, target Doppler

X, target range

A, ... B, Matrices used in the Cauchy’s method

P, q degrees of numerator and denominator used in the Cauchy’s method
C(j)  error in the clustering algorithm

T delay parameter enables to select any arbitrary origin of time

F mean square difference in the Least square method

E(w) spectrum estimate using a Least square method

unknown magnitudes vector

matrix used to get the magnitude vector A
, V intermediate steps in the QMF approach

band-pass filter

IC®™>»
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> TVO =2 <

> >
Ij x_|7\-

>

iy
N

-<><><3-:3—U

total number of time steps in one period where decimation repeatedly
occurs

number of known samples in the M time intervals
band-limiting operator (low pass filter),

ideal nonuniform sampling operator

coefficient of iterative method

uniform sampling point with average interval

k-th interval of uniform average spacing

associate Hermite function of degree n

Hermite function of degree n

scaling factors

Legendre polynomial of degree n

m-th deviation from uniform sampling

.(w) analog spectrum
;(@) digital spectrum

matrix used to obtain X (@)
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